Credit Risk Modelling

and Credit Derivatives

Inaugural-Dissertation
zur FErlangung des Grades eines Doktors

der Wirtschafts- und Gesellschaftswissenschaften

durch die

Rechts- und Staatswissenschaftliche Fakultat
der

Rheinischen Friedrich-Wilhelms-Universitat Bonn

vorgelegt von
Philipp J. Schonbucher

aus Dusseldorf

BONN 2000



Dekan: Prof. Dr. Riidiger Breuer
Erstreferent: ~ Prof. Dr. Dieter Sondermann
Zweitreferent: Prof. Dr. Klaus Schiirger

Tag der miindlichen Priifung: 14. Januar 2000



Acknowledgements

First and foremost I would like to thank my my supervisor Prof. Dr. Dieter Sondermann
who introduced me to the field of credit risk modelling, gave me valuable advice and support
and who created the ideal environment for productive research at his department in Bonn.
Amongst the many people who gave me opportunity to discuss my ideas and provided
valuable feedback I would like to thank particularly Dr. Paul Wilmott, Dr. David Lando,
Dr. Pierre Mella-Barral, Dr. Daniel Sommer, Dr. Dietmar Leisen, Antje Dudenhausen,
David Epstein, Christopher Lotz, Lutz Schlogl, Gabi Zimmermann, Christian Ziihlsdorff
and my fellow students in the EDP. I would also like to thank the participants at the
various conferences and seminars where I presented my work for their questions, comments
and suggestions.

For financial support I would like to thank the Deutsche Forschungsgemeinschaft who
supported me through the SFB 303 at the University of Bonn, and the DAAD who funded
my year at the London School of Economics.

Last but not least I would like to thank my parents for being there for me at all times
during my education and beyond.






Contents

Notation

1 Introduction

1.1

1.2
1.3
1.4
1.5

2 The
2.1
2.2
2.3

2.4

Firm’s Value Models . . . . . . ... o oo
1.1.1 Modelling Approach, . . . . . . . ... .. ... ... ... .....
1.1.2  Survey of the Literature . . . . . . . ... ... ... ... ...
1.1.3 Advantages and Disadvantages . . .. ... ... .. ... .....
Intensity Models . . . . . . . . .
Credit Rating Transition Models . . . . . . .. .. ... ... ... ... ..
Credit Derivatives Literature . . . . . . . . . . . . . ... .. ... ... ..

Structure of the Thesisl . . . . . . . . . . .

Term Structure of Defaultable Bonds

Introduction . . . . . . ..o
Setup and Notation| . . . . . . . . . .. ...
Pricing with Zero Recovery . . . . . . . . . ... 0oL
2.3.1 Dynamics: The defaultable Forward Rates . . . . . . . ... .. ..
2.3.2 Change of Measure| . . . . . . . . . ...
2.3.3 Absence of Arbitrage . . . . . ...
Modelling the Spread between the Forward Rates . . . . . . ... ... ..
2.4.1 Independence of Spreads and default-free Rates . . . . . .. . ...

2.4.2 Negative Forward Spreads . . . . . . ... ... ... ... .....

ii

w W W

c o N O Ot



2.5

2.6
2.7

2.8
2.9

The
3.1
3.2

3.3

Positive Recovery and Restructuring . . . . . .. .. ... .. ... .... 33

2.5.1 The Model Setup . . . . . .. . . ... 34
2.5.2 Change of Measure, . . . . . . . . .. ... Lo 37
2.5.3 Dynamics and Absence of Arbitrage . . . . . . . ... ... ... .. 38
2.5.4  Seniority . . . . ... 41
Instantaneous Short Rate Modelling . . . . . .. ... ... .. ... .... 41
Jumps in the Defaultable Rates . . . . . ... ... ... ... ... .... 43
2.7.1 Dynamics . . . . . ... 43
2.7.2  Absence of Arbitrage . . . . . ... oL 45
Ratings Transitions . . . . . . . . . . ... Lo 47
Conclusion/. . . . . . . . . . 53
Pricing of Credit Risk Derivatives 54
Introduction . . . . . . . Lo 54
Structures and Applications| . . . . . . .. ... L 56
3.2.1 Terminology| . . . . . . . . ... 57
3.2.2  Asset Swap Packages . . . . .. ... o000 58
3.2.3 Total Rate of Return Swaps . . . . . . ... ... ... ... .... 60
3.2.4 Default Swap . . . . ... 61
3.2.5 Credit Spread Products . . . . ... ... ... ... .. ...... 62

3.2.5.1 Credit Spread Forward and Credit Spread Swap . . . . . . 62

3.2.5.2 Credit Spread Options| . . . . . . . .. ... . ... .... 63
3.2.6 Options on Defaultable Bonds . . . . . ... ... ... ....... 64
3.2.7 Basket Structures . . . . .. ... 64
3.2.8 Credit Linked Notes . . . . . . . .. .. .. ... ... ... ..., 65
3.2.9 Applications of Credit Derivatives . . . . . . .. . ... ... .... 66
Defaultable Bond Pricing with Cox Processes . . . .. . ... ... .... 66
3.3.1 Model Setup and Notation . . . . . . . ... ... ... ....... 66
3.3.2  The Time of Default . . . . . . . ... ... ... ... ... .... 67

1



5.4

3.9
3.6
3.7

3.8

3.3.3 The Fractional Recovery Model . . . . . ... ... .. ... .... 69

3.3.4 The Equivalent Recovery Model . . . . . . . .. ... ... .. ... 71
3.3.5 Implied Survival Probabilities . . . . . . .. ... ... ... .... 72
Direct Valuation of Credit Risk Derivatives/. . . . . . . ... ... ... .. 75
3.4.1 Forms of Payment for Default Protection . . . . . .. ... .. ... 7
3.4.2  Default Digital Payofts . . . . .. ... ... ... ... ... ... 7

3.4.2.1 Payoff at Maturity . . . . . ... ... 78

3.4.2.2 Payoff at Default| . . . . . . ... ... 78

3.4.2.3 The Default Digital Swap . . . . ... ... .. ... ... 80
3.4.3 Default Swaps/. . . . . . ... 82

3.4.3.1 _ Difference to Par . . . . .. ... ... 83

3.4.3.2  Difference to default-free . . . . . . . .. .. ... 84
3.4.4  Defaultable FRNs and Default Swaps . . . . . . ... ... .. ... 84
3.4.5 Credit Spread Forwards| . . . . ... . ... ... ... ... .. 85
3.4.6  Credit Spread Put Options . . . . . . . ... .. ... ... .. ... 87
3.4.7 Put Options on Defaultable Bonds . . . . . ... ... ... .... 90
Models . . . . . . . o 91
The Multifactor Gaussian Modell . . . . . . . .. ... ... .. .. 93
Credit Derivatives in the Gaussian Model . . . . . . . . . ... .. .. ... 94
3.7.1 Implied Survival Probabilities . . . . . . . .. ... ... ... ... 94
3.7.2  The Survival Contingent Measure| . . . . . . ... .. .. ... ... 95
3.7.3 Default Digital Payofts . . . . . ... .. ... ... ... .. .... 96
3.7.4 The Credit Spread Put . . . . . . ... ... ... ... ... ... 97
3.7.5 The Put on a Defaultable Bond . . . . . . ... ... ... ... .. 99
The Multifactor CIR. Model . . . . .. . . ... ... ... ... 99
3.8.1 Bond Prices . . . . . ... 101
3.8.2 Affine Combinations of y?> Random Variables . . . . . ... ... .. 102
3.8.3  Factor Distributions . . . . . . ... ... oL 104

111



3.9 Credit Derivatives in the CIR Model

3.9.1 Default Digital Payofts

3.9.2  Credit Derivatives with Option Features . . . . . .. .. ... ...
3.10 Conclusionl . . . . . . . . .
Appendix

A Calculations to the Gaussian Model

A.1 Proofof Lemma 3.3/ . . . . . . . . ..

A.2 Proof of Lemma 3.4 . . . . . . . . .

A.3 Proof of Proposition 3.4 . . . . .. ... ... ...

A.4 Proof of Proposition 3.5 . . . . . . . . ... ..

A.5 Proof of Proposition 3.7 . . . . ... ...

B Calculations to the CIR Model

B.1 Proof of Lemma 3.7/ . . . . . . . . . .

B.2 Proof of Proposition 3.8 . . . . . ... ...

B.3 Proof of Proposition 3.9/ . . . . .. ... ...

v

112

113
113
115
115
117
121



Notation

Default-Free Term Structure of Interest Rates

Bond Prices

B(t,T) default-free zero coupon bond price
p(t,T) drift of zero coupon bond price B(t,T)
n(t,T) volatility of zero coupon bond price B(t,T")
B default-free coupon bond price
Default-Free Interest Rates
r default-free instantaneous short rate (default free short rate)
g default-free discount factor: 3(t) = exp{— fo s)ds}
f(,T) default-free continuously compounded instantaneous forward

rate (default-free forward rate)

a(t,T) drift of the default-free forward rate f(t,7T)
o(t,T) volatility of the default-free forward rate f (t T)
a(t,T) integral of forward rate volatility: a(¢t,T) = — ft o(t,s)ds
F(t, Ty, Ty) simply compounded default-free forward rate over [Tl, 1]
Defaultable Term Structure of Interest Rates
Defaultable Bond Prices
defaultable quantities usually carry an overbar
B(t,T) defaultable zero coupon bond price
u(t,T) drift of defaultable zero coupon bond price
n(t,T) volatility of defaultable zero coupon bond price
B(t,T) defaultable zero bond price adjusted for defaults before ¢

B(t,T) = B(t,T)/Q(1)



Defaultable Interest Rates

||

defaultable instantaneous short rate (defaultable short rate)
defaultable discount factor: 3(t) = exp{— fo s)ds}
defaultable continuously compounded instantaneous forward
rate (defaultable forward rate)

drift of the defaultable forward rate

volatility of the defaultable forward rate

integral of forward rate volatility: a(t,T) = — ft a(t,s)ds
defaultable simply compounded forward rate over [Tl, T5)

Spread

instantaneous short spread (short spread)

h(t,T) continuously compounded instantaneous forward rate spread
(forward spread)
a(t,T) volatility of forward spread
al(t,T) drift of forward spread
Default Models
Default Time
N point process whose first jump triggers the default
A intensity of N
T; time of the ¢-th jump of N
T time of default (7 = )
Recovery Models
s cash recovery model: recovery = 7 in cash
c equivalent recovery model: recovery = ¢ default -free bonds
q fractional recovery model: payoff reduced by ¢ at each default
Q fractional recovery model: final payoff Q(T) =[], (1 —¢-,)
Probabilities
P(t,T) probability of survival from ¢ to T
P, T) probability of default in [¢, T
P(t,T) pseudo survival probability: P(t,T) = B(t,T)/B(t,T)
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The CIR Model
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i-th factor (i =1,...,n)

factor weights of the default-free short rate: r(t) = ., w;x;
factor weights of the intensity: A(¢) = Y1, wz;(t)

weights of affine combination of noncentral chi-squared RVs
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Chapter 1

Introduction

Although the valuation of defaultable securities with methods of continuous time finance
goes back to the initial proposal of Black and Scholes (1973)), this area of research has
been largely ignored for a long time. Only recently credit risk modelling and credit risk

management have received renewed attention, both by academics and practitioners alike.

The practitioner’s interest has been renewed by several factors. First, the European mone-
tary union and the full liberalisation of the European capital markets removed the segmen-
tation of the European corporate bond market into national markets, increased liquidity
and competition, and forced market participants to compare credit risk Europe-wide. Si-
multaneously, since European government bonds are now denominated in Euros, credit
risk also became the key determinant of different prices in the European government bond

markets.

Secondly, apart from these Euro-driven factors, historically low nominal interest rates all
over the world have driven many investors to seek higher yields by accepting more credit
risk. With the growing liquidity of the government bond markets these markets became
very efficient and bond traders and investors looking for mis-priced securities had to turn
towards the less liquid and less transparent corporate and high yield bond market. After
the recent credit and currency crises in Asia and Russia the need arose to hedge and

re-evaluate these investments.

Thirdly, banking supervisors have moved towards accepting internal risk measurement
models as a basis for regulatory capital prescriptions. These models are already being
accepted for market risks and have lead to a significant relaxation of capital adequacy
regulation in these areas. It is expected that in the next years internal risk measurement

models will also be accepted for the determination of adequate capital reserves for credit
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risks. This will generate significant advantages for those banks that have a credit risk

model in place which is accepted by the regulating agencies.

Finally, driven by the need to hedge and manage credit risks in a flexible way, new derivative
securities have been developed to fulfill this need. The pricing and management of these

credit derivatives requires more flexible and sophisticated credit risk models.

From an academic point of view, with the advent of the market-based models the math-
ematical modelling of the pure interest-rate risk in the bond market is coming closer to
a generally accepted benchmark (see e.g. Sandmann and Sondermann (1997), Miltersen,
Sandmann and Sondermann (1997)), Brace, Gatarek and Musiela (1997) or Jamshidian
(1997)). Of the remaining risk components in the bond market, credit risk is the largest

unresolved modelling problem.

Furthermore, the analysis of credit risk opens the door to new fields of research which
interface with other areas like continuous-time corporate finance (see e.g. Leland (1994)),
Leland and Toft (1996) and Mella-Barral and Perraudin (1997)) or asymmetric information
(see e.g. Duffie and Lando (1997))). This is part of a general move of mathematical finance
away from traditional pricing and hedging into other areas, where they have not been

applied before.

Finally, the valuation of credit derivatives changed the focus of many credit risk models.
Instead of developing an pricing framework which yields the fair prices for defaultable
bonds, now these bonds are to be taken as input to derive prices for more exotic derivative

securities. Therefore models had to be developed that had this degree of flexibility.

There are two main approaches to credit risk modelling. The first approach goes back to
the initial proposal of Black and Scholes (1973)), where a defaultable security is regarded as
a contingent claim on the value of the issuing firm’s assets and is valued according to option
pricing theory. In these models the firm’s value is assumed to follow a diffusion process and
default is modeled as the first time the firm’s value hits a pre-specified boundary. Because
of the continuity of the processes used, the time of default is a predictable stopping time.
The payoff in default is usually a constant cash payment representing the proceeds from
liquidating the firm (possibly after bankruptcy costs). The models of Merton (1974),
Black and Cox (1976) Geske (1977) Longstaff and Schwartz (1993) and Das (1995) are

representatives of this approach.

In a second approach, the direct reference to the firm’s value is abandoned, and the time of

default is modeled directly as a totally inaccessible stopping time with an intensity. This
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approach is followed by Artzner and Delbaen (1992} |1994)), Jarrow and Turnbull (1995),
Lando (1994; 1998)), Jarrow, Lando and Turnbull (1997)), Madan and Unal (1998), Flesaker
et.al. (1994), Duffie and Singleton (1997;|1999)), Duffie, Schroder and Skiadas (1994)), Duffie
and Huang (1996), and Duffie (1994). The main difference between these models is the

way in which the recovery of a defaulted bond is modelled.

In the following we will describe these two modelling approaches in more detail.

1.1 Firm’s Value Models

1.1.1 Modelling Approach

In firm’s value models a fundamentalist’s approach to valuing defaultable debt is taken: It
is assumed that there is a fundamental process V', usually interpreted as the total value
of the assets of the firm that has issued the bonds. The value of the firm V' is assumed to

change stochastically, usually it follows a lognormal diffusion process
dV = pVdt + oVdW.

It is the driving force behind the dynamics of the prices of all securities issued by the firm,
all claims on the firm’s value are modelled as derivative securities with the firm’s value as

underlying.

Default can be triggered in two ways: Either V is only used to pay off the debt at the
maturity of the contract. A default occurs at maturity if V' is insufficient to pay back the

outstanding debt but during the lifetime of the contract a default can not be triggered.

Alternatively (and more realistically) one can assume that a default is already triggered
as soon as the value of the collateral V falls below a barrier S. This feature is exactly

identical to a standard knockout barrier in equity options.

1.1.2 Survey of the Literature

The firm’s value approach is historically the oldest to the pricing of defaultable securities
in modern continuous-time finance. It was first proposed by Black and Scholes in their
article " The Pricing of Options and Corporate Liabilities” (1973) which already explicitly

refers to corporate bond pricing in its title. Merton (1974)) expands on this idea. In these



1. Introduction 4

models a default can only occur at maturity of the debt, the payoff of the firm’s shares is

like an European option on the firm’s value.

In Black and Cox (1976) this approach is extended to allow for defaults before maturity of
the debt if the firm’s value hits a lower boundary. Now the model has more similarity with
a barrier option model. Black and Cox show how to value a variety of corporate bonds and
bond covenants in this framework. Further papers using this approach in a default-free
interest rate setup are Merton (1977) and Geske (1977). Geske models defaultable debt as

a compound option on the firm’s value.

Recently Longstaff and Schwarz (1993) have managed to reach semi-closed form solutions
(an infinite series) for defaultable bonds in a firm’s value model with stochastic interest
rates that can be correlated with the firm’s value process. They use the Vasicek (1977)
model for the default-free interest rates and have to assume a constant initial default-free
term structure. Another, much simpler solution to this problem is given by Briys and
de Varenne (1997) by modifying the approach such that a default is triggered when the

T-forward price of the firm’s value hits a lower barrier.

By now there are many extensions to the original modelling approach. Schénbucher (1996b)
and later Zhou (1997) extend this approach to allow jumps in the process for V' thus
introducing a jump-diffusion process for the firm’s value, which solves the problem of the
unrealistically low short-term credit spreads that are found in all diffusion-based firm’s
value models. Schénbucher (1996b)) also gives an efficient algorithm for the numerical
solution of the pricing problem. In Epstein et.al. (1998)) the firm’s value model is modified
such that not the firm’s value but the firm’s cash flow is the stochastic variable. The firm’s
value is then derived from accumulated cash flow, which makes the problem similar to an

option pricing problem for Asian options.

The firm’s value approach has also been implemented in a commercial model package which
is marketed by KMV corporation. The KMV model is loosely based on the original Merton
(1974) and Black-Scholes (1973)) approach, but it draws its main strength from a judicious

(but not model-consistent) use of a large database of historical defaults.

Because of their more explainative approach firm’s value models have been popular in
more theoretical areas, too. In an approach initiated by Leland (1994)), Leland and Toft
(1996)) and Mella-Barral and Perraudin (1997) the firm’s value framework is used to analyse
strategic interaction between debtors and creditors. Duffie and Lando (1997)) show in a
setup with asymmetric information that there is a close link between firm’s value models

and the intensity models.
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1.1.3 Advantages and Disadvantages

The firm’s value models for defaultable bonds are well suited if the relationship between the
prices of different securities issued by the firm is of importance, e.g. for convertible bonds
or callable bonds that can be converted into shares when called by the issuer. Furthermore
the model allows to price defaultable bonds directly from fundamentals, from the firm’s

value. Thus these models can give a fair price of a defaultable bond as output.

The foundation on fundamentals makes models of this type well-suited for the analysis of
questions from corporate finance like the relative powers of shareholders and creditors or

questions of optimal capital structure design.

This strength, the orientation towards fundamentals, is also one of the model’s weaknesses:
Often it is hard to define a meaningful process for the firm’s value, let alone observe it
continuously. It can be very hard to calibrate such a firm’s value process to market prices,
and for some issuers, like souvereign debt, it may not exist at all. Furthermore the model
may very quickly become too complex to analyse in a real-world application. If one were
to model the full set of claims on the value of the assets of a medium sized corporation one
may very well have to price twenty or more classes of claims: from banks, shareholders and
private creditors down to workers’ wages, taxes and suppliers demands. This obviously
becomes quickly unfeasible. On the other hand it seems that firm’s value models are

tailor-made for collateralised loans with traded collateral.

A second weakness of the firm’s value models is the unrealistic nature of the short term
credit spreads implied by the model. These spreads are very low and tend towards zero
as the maturity of the debt approaches zero. This is immediately obvious from the fact
that the time of default is a predictable stopping time. A predictable stopping time has
zero intensity at all times except the time of default, and — as will be shown later on — the

intensity determines the short-term credit spread.

Finally, for the pricing of credit risk derivatives one would like to have a model where the
prices of defaultable bonds can be taken as fundamentals and do not have to be calculated

(which then necessarily means a calibration process).
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1.2 Intensity Models

In the intensity models the time of default is modeled directly as the time of the first jump
of a Poisson process with random intensity (a Cox process), or — more generally — as a
totally inaccessible stopping time with an intensity. In this group of models a striking

similarity to default-free interest rate modelling is found.

The first models of this type were developed by Jarrow and Turnbull (1995), Madan and
Unal (1998)) and Duffie and Singleton (1997). Jarrow and Turnbull consider the simplest
case where the default is driven by a Poisson process with constant intensity with known
payoff at default. This is changed in the Madan and Unal model where the intensity of
the default is driven by an underlying stochastic process that is interpreted as firm’s value
process, and the payoff in default is a random variable drawn at default, it is not predictable
before default. Madan and Unal estimate the parameters of their process using rates for

certificates of deposit in the Savings and Loan Industry.

Duffie and Singleton (1997) developed a similar model where the payoff in default is also
cash, but denoted as a fraction (1 — ¢) of the value of the defaultable security just before
default. This model was applied to a variety of problems including swap credit risk, esti-
mation, and two-sided credit risk, by a group around Duffie (Duffie and Singleton (1997)),
Duffie, Schroder and Skiadas (1994), Duffie and Huang (1994) and Duffie (1994)).

Lando ((1998)) developed the Cox-process methodology with the iterated conditional expec-
tations which will be used in the section on the pricing of credit derivatives later on. His
model has a default payoff in terms a certain number of default-free bonds and he applies

his results to a Markov chain model of credit ratings transitions.

In the Schénbucher (1996a; |1997a) model multiple defaults can occur and instead of liqui-
dation with cash payoffs a restructuring with random recovery rate takes place. The model
is set in a Heath- Jarrow- Morton framework and a rich variety of credit spread dynamics
is allowed. For many pricing purposes the model can be reduced to a similar form of Duffie
and Singleton, and in Schénbucher (1997b)) it is applied to the pricing of several credit risk

derivatives.

There is a variety of other models that fall into the class of intensity based models, we only
mention Flesaker et.al. (1994)), Artzner and Delbaen (1992;|1994) and Jarrow and Turnbull
(1997). On the empirical side the papers by Duffee (1995)), Duffie and Singleton (1997) and

Diillmann et.al. (1999) have to be mentioned. In these papers the authors estimate the
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parameters for the stochastic process of the credit spread for the Duffie-Singleton model.

The intensity models have also been implemented in a commercial software package. The
model is called Credit Risk+ and it was developed by Credit Suisse Financial Products as
a tool for the portfolio management of credit risk. In this model a default is triggered by

the jump of a Poisson process whose intensity is randomly drawn for each debtor class.

1.3 Credit Rating Transition Models

The first continuous-time model of credit-risk pricing in a rating-transition framework is
due to Lando (1994) and Jarrow, Lando and Turnbull (1997). This model only incorporates
the Markov-chain dynamics of the ratings without allowing for stochastic spread dynamics

within the rating classes.

Lando (1998) extends his model to have stochastic credit spreads by incorporating a
stochastic multiplier in front of the transition generator matrix. This introduces some
basic stochasticity into the credit spreads but still does not allow for fully general spread
dynamics in all classes, because the credit spreads of all rating classes are driven by the

same factor.

A different approach to incorporated stochastic credit spreads is taken by Das and Tufano
(1994) who extend the Jarrow- Lando- Turnbull model to incorporate stochastic recovery
rates. Thus they have stochastic credit spreads within the individual classes although the
default intensities remain constant. Their model is set up as a discrete-time approximation
to a continuous-time model. Although this model achieves the aim of generating stochastic
credit spreads it still has some important shortcomings. It does not seem plausible why the
likelihood of default should remain constant while the expected recovery changes (typically
the converse is the case) and the set of possible credit spreads is bounded from above by

the credit spreads for zero recovery.

In this thesis the credit rating transition models will be extended to a Heath- Jarrow-
Morton model which can incorporate fully stochastic dynamics for the credit spreads of all
credit classes. The term structures of credit spreads of all rating classes will be modelled

and joined with a default model in a consistent and arbitrage-free way.
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1.4 Credit Derivatives Literature

Despite a number of articles that have been written on the application and uses of credit
derivatives, there is very little literature on the direct pricing of credit derivatives. Among
the exceptions here are the articles of Duffie (1999) and Longstaff and Schwartz (1995). Das
(1998)) gives a simple discretisation of the HJM- approach to credit spreads, and Pierides
(1997) and Das (1995)) use a firm’s value approach to value credit derivatives. Basket
default swaps are the topic of Duffie (1998]) and Li (1999).

Good but not very rigorous introductions to the applications and uses of credit derivatives
are the books by Mathieu and d’Herouville (1998)), Tavakoli (1998)), Das (1998) and Nelken
(1999).

1.5 Structure of the Thesis

The rest of the thesis is organized as follows:

The next chapter covers the term-structure modelling of defaultable bonds. The model
proposed there is the adaptation of the Heath- Jarrow- Morton (HJM) model to the case
of a term structure of defaultable bond prices. The arbitrage-free dynamics of the default-
able bond prices are derived and a new default model — the multiple default model — is
introduced. The model is extended to a model with jumps in the defaultable forward rates
and then to a rating transition model with stochastic term structures of credit spreads in
all ratings classes. All these extensions flow naturally from the original HIM forward-rate

approach.

In the following chapter, the pricing of credit derivatives is discussed. After a short intro-
duction to the most popular types of credit derivatives and their applications, closed-form
pricing formulae are given for the most important credit derivatives. These pricing formu-
lae are derived in different recovery model frameworks (notably equivalent recovery and
fractional recovery), and for a Gaussian HJM and a Cox-Ingersoll-Ross specification of
the interest-rate and credit spread dynamics. The application of these different modelling
approaches to concrete pricing problems allows us to identify the relative advantages and
disadvantages of these models. The appendices contain some more technical calculations
that are necessary for the derivation of the pricing formulae for the credit derivatives in

the two model specifications.



1.5. Structure of the Thesis

In the final sections of each chapter the main results of the chapter are summarised and
areas for future research are pointed out. A more detailed description of the contents of

the chapters can be found in the first section of each chapter.



Chapter 2

Term Structure Modelling
of Defaultable Bonds

In this chapter! we present a model of the development of the term structure of defaultable
interest rates that is based on a multiple-defaults model. Instead of modelling a cash payoff
in default we assume that defaulted debt is restructured and continues to be traded.

We use the Heath-Jarrow-Morton (HJM) (1992)) approach to represent the term structure
of defaultable bond prices in terms of forward rates. The focus of the chapter lies on the
modelling the development of this term structure of defaultable bond prices and we give
conditions under which these dynamics are arbitrage-free. These conditions are a drift
restriction that is closely related to the HJM drift restriction for default-free bonds, and
the restriction that the defaultable short rate must always be not below the default-free
short rate.

Similar restrictions are derived for two extensions of the model setup, the first one is in
a marked point process framework and allows for jumps in the defaultable forward rates
at times of default, and the second one is a general ratings transition framework which
can incorporate stochastic dynamics for the credit spreads in all ratings classes and also

stochastic transition intensities.

2.1 Introduction

Most bankruptcy codes provide several alternative procedures to deal with defaulted debt

and the debtors. The most obvious option is to liquidate the debtor’s remaining assets

IThis first parts of this chapter are based upon Schénbucher (1998).

10
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and distribute the proceeds amongst the creditors, but a often more popular alternative is
to reorganize the defaulted issuer and keep the issuer in operation. The latter alternative
has the advantage of preserving the value of the debtor’s business as a going concern and
it avoids inefficient liquidation sales. Frequently there is no alternative to reorganisation,
either because a liquidation of an issuer is impossible (e.g. for sovereign debtors) or because

it is undesirable (if a liquidation would have a large macroeconomic effect).

In their empirical study Franks and Torous (1994)) found the following:

A default of a bond does not mean that this bond becomes worthless, usually there is a
positive recovery rate between 40 and 80 percent. This recovery rate varies significantly
between firms.

The majority of firms in financial distress are reorganized and re-floated, they are not lig-
uidated.

On average, most of the compensation payments (about two thirds) are in terms of secu-
rities of the reorganized firm, not in cash.

If a firm is reorganized, and the debtors are paid in terms of newly issued debt, then a
second default of this firm on its (newly issued) debt is possible. In principle there could be

a sequence of any number of defaults each with a subsequent restructuring of the defaulted
firm’s debt.

In this chapter we present a model of defaultable bond prices in which a defaulted issuer is
not liquidated but reorganized at default. Multiple defaults can occur and the magnitude

of the losses in default is not predictable.

We use the Heath-Jarrow-Morton (HJM) (1992) framework to represent the term structure
of defaultable bond prices in terms of forward rates and give conditions under which these
dynamics are arbitrage-free. These conditions are a drift restriction that is closely related
to the HJM drift restriction for default-free bonds, and the restriction that the defaultable

short rate must always be not below the default-free short rate.

The model in this chapter is based on the intensity-approach, an approach in which the time
of default is a totally inaccessible stopping time which has an intensity process. Amongst
others this approach is followed by Artzner and Delbaen (1992; (1994)), Jarrow and Turnbull
(1995)), Lando (1994; |1998)), Jarrow, Lando and Turnbull (1997), Madan and Unal (1998)),
Flesaker et.al. (1994), Duffie and Singleton (1997; 1999), Duffie, Schroder and Skiadas
(1994), Duffie and Huang (1996), and Duffie (1994). In all these models a cash payoff
(or a payoff in default-free bonds) is specified in default. Therefore only one default is
allowed, and after default the firm that had issued the debt is liquidated. This excludes



2. The Term Structure of Defaultable Bonds 12

reorganisation of defaulted debt as well as multiple defaults. Usually (except Madan and
Unal (1998)) the magnitude of the payoff in default is predictable, too. In this model
there is the possibility of multiple defaults and the magnitude of the recovery need not be
predictable. It should furthermore be pointed out that many of the results (e.g. the HIM
drift restriction on the defaultable bond prices or the relationship between the short credit
spread and the default intensity) are not restricted to the intensity-based framework, but

remain valid also for other default models.

We start with a model in which the value of a defaultable bond drops to zero upon default.
While this case has already been extensively studied in the literature it is a good introduc-
tion to more general models. After deriving the interconnections between the dynamics
of the defaultable interest rates and the defaultable bond prices, we derive the key rela-
tionship that under the martingale measure the difference between the defaultable short rate
and the default-free short rate is the intensity of the default process with an argument using
the savings accounts. This result drives the conditions for the absence of arbitrage that
are derived subsequently, and the arbitrage-free dynamics of the defaultable bond prices.
We find a very strong similarity between the defaultable and the default free interest rate
dynamics and drift restrictions, as both have to satisfy the HJM drift restrictions. (Similar
results have been shown by Duffie in (1994) and Lando (1998)).)

Next we explore how a model of the spread of the defaultable forward rates over the
default-free forward rates may be used to add a default-risk module to an existing model
of default-free interest rates. Surprisingly, for forward rates this spread can be negative
although there has to be a positive spread for the short rates. An example is given demon-
strating that this is only possible under strong correlation between spreads and default-free

Interest rates.

In the following sections we propose a model that includes positive recovery rates, reor-
ganisations of the defaulted firms with the possibility of multiple defaults and uncertainty
about the magnitude of the default. Even though it may seem that this will make the
model far more complicated the restrictions for absence of arbitrage and the price dy-
namics remain unchanged. This model is closely related to the fractional recovery model

proposed by Duffie and Singleton (1994} (1997} {1999).

Instead of modelling the defaultable forward rates, previous intensity models concentrated
on modelling the default intensity (i.e. the short credit spread) directly. These two are
connected and the link is shown in the next section. We show that the results of the classical

intensity models can be recovered from the defaultable forward model directly. Particularly
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the representation of the defaultable bond prices as expectation of a defaultable discount
factor follows much more easily than in most intensity models. It is also shown that the
only restriction for absence of arbitrage is to ensure a positive spread between defaultable

and default-free short rate.

In the following section the defaultable forward rates (and thus the bond prices) are allowed
to change discontinously at default times if there are multiple defaults. Here we use the
methods of Bjork, Kabanov and Runggaldier (BKR) (1996) and give the drift- and no-

arbitrage conditions for this more general version of the model.

The chapter is concluded with another extension of the model which incorporates ratings
transitions. In this section we model the defaultable forward rates for all rating classes
simultaneously and analyse the conditions that ensure absence of arbitrage for a given
ratings transition intensity matrix and a given volatility structure of the credit spreads
within each ratings class. Again, these conditions turn out to be closely related to the
classical HJM conditions which makes the model accessible to a numerical implementation.
Instead of interpreting the model as a ratings transition model it can also be viewed as
a model including a credit crisis with stochastic transition from the 'normal’ state to the
‘crisis’ state which is characterised by much higher spreads, volatility and default risk. A
regime shift of this kind can not be replicated in most other credit risk models, but it is a

very important feature of real debt markets.

2.2 Setup and Notation

For ease of exposition we first introduce the simplest setup which will be generalised in
the following sections to include positive recovery rates, multiple defaults and jumps in the

defaultable term structure.

The model is set in a filtered probability space (€2, F, (F;)>0), P) where P is some subjec-
tive probability measure. We assume the filtration (F;)>0) satisfies the usual conditions?
and the initial filtration JFp is trivial. We also assume a finite time horizon T with
F = Fyz, all definitions and statements are understood to be only valid until this time

horizon T'.

The time of default is defined as follows:

2See Jacod and Shiryaev (1988).



2. The Term Structure of Defaultable Bonds 14

Definition 2.1
The time of default is a stopping time 7. We denote with N(t) := 1<, the default
indicator function and A(t) the predictable compensator of N (t), thus

is a (purely discontinuous) martingale. A is nondecreasing (because N is), predictable and
of finite variation. Frequently we will assume that N has an intensity \(s) which means

that A can be represented as
t
At) = / A(s) ds. (2.1)
0
The filtration (F)>o) is generated® by n independent Brownian motions W i =1,...,n
and the default indicator N (t).
For the default-free bond markets we use the HJIM setup:

Definition 2.2
1. At any time t there are default-risk free zero coupon bonds of all maturities T > t.
The time-t price of the bond with maturity T is denoted by B(t,T).

2. The continuously compounded default-free forward rate over the period [T}, Ts] con-
tracted at time t is defined (for To > T\ > t)

f(t,Tl,Tg) = T2 i Tl (hl B(t, Tl) —1In B(t, TQ)) . (22)

3. If the T-derivative of B(t,T) exists, the continuously compounded instantaneous

default-free forward rate at time t for date T' > t is defined as

F(t.T) = —a%lnB(t,T). (2.3)

4. The instantaneous default-free short rate r(t),
the default-free discount factor 3(t)
and the default-free bank account b(t) are defined by

r(t) := f(t,t), B(t) = exp{—/0 r(s)ds}, b(t) :=1/8(t). (2.4)

3This assumption will be relaxed later on to include a marked point process in the case of multiple
defaults.
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We use similar notation to describe the term structure of the defaultable bonds:

Definition 2.3
1. At any time t there are defaultable zero coupon bonds of all maturities T" (where
T > t). The time-t price of the bond with maturity T is denoted by B(t,T). The
payoff at time T of this bond is 1~y = 1 — N(t): one unit of account if the default

has not occurred until T', and nothing otherwise.

2. The continuously compounded defaultable forward rate over the period [T}, Ts] con-
tracted at time t is defined (for To > T\ > t)
— 1

f(t, Ty, Ty) = o (InB(t,T1) —In B(t,T3)) . (2.5)

3. If the T-derivative of B(t,T) exists, the continuously compounded instantaneous

defaultable forward rate at time ¢ for date T" > t is defined as

— 0 —
=——1 . .
7(1.7) = W B(1,T) (2:6)
4. The instantaneous defaultable short rate 7(t),
the defaultable discount factor 3(t)

and the defaultable bank account ¢(t) are defined by

7(t) == f(t,1), B(t):= exp{—/o 7(s)ds}, c(t) = 1{t<7}%. (2.7)

All definitions of defaultable interest rates are only valid for times t < 7 before default.

To shorten notation the reference to the continuous compounding frequency of the interest
rates or yields is often omitted, and we only refer to default-free and defaultable forward
rates (=continuously compounded instantaneous forward rates) and short rates (=instan-
taneous short rates). We will also often use default-free in place of default-free to denote

non-defaultable quantities.

The defaultable forward rate 7(t,T1,T2) as it is defined above is not the value of a Tj-
forward contract on a defaultable bond with maturity 75, but the promised yield of the

following portfolio:

short one defaultable bond  B(t,T})
long  B(t,11)/B(t,T;) defaultable bonds B(t,T5).
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A forward contract on the defaultable bond 75 would involve a short position in the default

free bond B(t,T7). See also section 2.4.2 for some consequences of this definition.

The defaultable bank account ¢(t) is the value of $ 1 invested at ¢ = 0 in a defaultable
zero coupon bond of very short maturity and rolled over until ¢, given there has been no
default until ¢. It will play a similar role to the default-free bank account b(t) in default-free

interest rate modelling.

In the definition of the defaultable forward rates — to avoid taking logarithms of defaultable
bond prices that are zero — we assume that a future default cannot be predicted with
certainty. At any time ¢t < 7 strictly before default, and for every finite prediction-horizon
T (t < T < o0) the probability of a default until 7" is not one: P[r < T| F;] < 1. This can
be achieved by setting the default time to be the first time 7" at which a future default can
be predicted with certainty: 7/ :=inf{t > 0|3 T < oo s.t. P[r < T| F] = 1}, effectively

moving the time of default forward in time®.

We assume 7 has been defined as above. This assumption is in keeping with the real-world
legal provisions that a bankruptcy must be filed as soon as the fact of the bankruptcy is
known. Furthermore it does not change any of the qualitative features of the model. In
addition to this we assume that all (forward) interest rates have continuous paths and that

the instantaneous forward rates are well-defined.

2.3 Pricing with Zero Recovery

2.3.1 Dynamics: The defaultable Forward Rates

Given the above definitions we can start to explore the connections between the dynamics
of the defaultable bond prices and the defaultable forward rates. We assume the following

representation as stochastic integrals for the dynamics of the defaultable forward rates

f(t,T) and the defaultable bonds B(t,T):

Assumption 2.1
1. The dynamics of the defaultable forward rates are given by

df(t,T) =a(t,T) dt + zn:a»(t, T) dW'(t). (2.8)

1=1

4By definition 7/ < 7, but 7/ = oo is possible.
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2. The dynamics of the defaultable bond prices are

dB(t,T)

BT - fi(t, T)dt + > _7,(t, T) dW'(t) — dN(t). (2.9)

i=1
3. The integrands @(t,T),7;(t,T),7(t,T) and 7;,(t,T) are predictable processes that are
regular enough to allow
— differentiation under the integral sign
— interchange of the order of integration
— partial derivatives with respect to the T-variable

— bounded prices B(t,-) for almost all w € ).

We start by analysing the consequences of the specification (2.8) of the defaultable forward

rates. The dynamics of the defaultable spot rate process are °

() = 7(t,t):7(0,t)+/0 a(s,t)ds

" /Ot@(s,t)dvvi(s)- (2.10)

7

From definition (2.6) of the defaultable forward rates and definition 2.3 of the defaultable

bonds the price of a defaultable zero coupon bond is given by

B(t,T)=(1-N exp{ / f(t,s)d } (2.11)

The factor of ( — N(t)) follows from the default condition B(¢,T) = 0 for ¢t > 7. Writing
ft f(t, s) ds this yields for t < 7 using It6’s lemma

dB(t,T)/B(t—,T) = —dG(t,T) + %d < G,G > —dN, (2.12)

where we have used that G is continuous. For the process G(t,T) we have (see HIM (1992))

G(t,T)—G0,T) = /t [f(t,s) = f(0,s)] ds— /Ot £(0,5) ds

5The notation dY (t)/Y (t—) = dX(t) is a shorthand for dY (t)/Y (t—) = dX(t) for Y(t—) > 0 and
dY (t) =0 for Y(t—) = 0.

6Tt is understood that dynamics of defaultable interest rates are always the dynamics before default
t<T.
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:/tT/Ot au, s) duds+§/f/ﬂt Filu, 5) AW (u) ds
_/Ot 7(0,5) ds _

:/Ot/tT (. 5) dsdu+zn;/0t/f 7, 5) ds AW (u)
- [ T4 Zi

- [[ ddu+z// 7i(u,5) ds dW'(u)
_/Ot (0, 5) ds—/ot/ut a(u, 5) ds du

_an/ot/ut .(u, 5) ds AW (u)
:/Ot S, T) du — é/ot a(u, T) AW ()

_/t 7(0,5) ds_/t/s a(u,s) duds

—Z// 7;(u, s) dW'(u) ds
_/0 (7w, T) — du—Z/ ai(u, T) dIW'(u)

where

a;(t,T) := —/T oi(t,v) dv (2.13)
~t,T) = /t a(t,v) dv. (2.14)

The main tool in the equations above is Fubini’s theorem and Fubini’s theorem for stochas-
tic integrals (see e.g. HIM (1992)) and Protter (1990)).

With this result we reach the dynamics of the defaultable zero coupon bond prices

dB(t,T)
_B—(t—,T) = [ N, T) +7(t Z
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n

+ 3 "G(t, T) dWi(t) — dN(1). (2.15)

i=1

The final condition B(T,T) = 0 for 7 < T is automatically satisfied by the functional

specification of B.

The above derivation of the dynamics of G(t,T") follows the derivation of the dynamics
of the default-free bond prices in HIM (1992)). Here the only addition is the jump term
—dN(t) which is introduced by the default process. Summing up:

Proposition 2.1
1. Given the dynamics of the defaultable forward rates (2.8)

(i) the dynamics of the defaultable bond prices are given by

dB(t,T)
B(t—,T)

—7(t, T) +7(t Z

Z (t,T) dW'(t) — dN(t). (2.16)

where @;(t,T) and 7(t,T) are defined by (2.13) and (2.14) resp..
(ii) the dynamics of the defaultable short rate are given by

(1) = F(t.1)=F0.)+ /Ota(s,t)ds

+ /Otﬁi(s,t)dWi(s). (2.17)

i=1

2. Given the dynamics (2.9) of the defaultable bond prices the dynamics of the defaultable
forward rates are (for t < 1) given by (2.8) with

B6T) = A T) e T) — R(tT) (2.18)
Gt T) = —a%ﬁi(t,T). (2.19)

Proof: 1.) has been derived above, 2.) follows from Itd’s lemma on In B(¢,T) and taking
the partial derivative w.r.t. T
O
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These relationships are well-known in the case of the default-risk free term structure.
Assume the following dynamics of the default-free forward rates f(t,7') and the default-
free bond prices B(t,T):

Assumption 2.2

1. The dynamics of the default risk free forward rates are given by

df(t,T) = a(t, T) dt + Z oi(t,T) dW'(1). (2.20)

i=1
2. The dynamics of the default risk free bond prices are

dB(t,T)

BT = p(t, T)dt+ 3" mit, T) dW'(t). (2.21)

i=1
3. The integrands a(t,T),0;(t,T),u(t,T) and n;(t,T) are predictable processes that are
regular enough to allow
— differentiation under the integral sign
— interchange of the order of integration
— partial derivatives with respect to the T-variable

— bounded prices B(t,-) for almost all w € €.

The dynamics of the default-free term structure do not contain any jumps at 7. Volatilities
and drifts may change at 7 but the direct impact of the default is only on the defaultable
bonds.

Given these dynamics the following proposition is a well-known result by Heath, Jarrow
and Morton (1992).

Proposition 2.2
1. Given the dynamics of the risk free forward rates (2.20)
(i) the dynamics of the risk free bond prices are given by

n

—y(t, T) +r(t) + % > a(t,T)| dt

i=1

dB(t,T)
B(t—,T)

+3 ai(t, T) dW'(t). (2.22)

=1
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where a;(t,T) and ~(t,T) are defined by
T
a;(t,T) = —/ oi(t,v) dv (2.23)
Tt
v, T) = / a(t,v) dv. (2.24)
t
(ii) the dynamics of the risk free short rate are given by
t
") = (60— 0.0+ [ alstds
0

+ ; /0 oi(s,t)dW(s). (2.25)

2. Given the dynamics (2.21) of the risk free bond prices the dynamics of the defaultable
forward rates are given by (2.20) with

a(tT) = D mltT) gt T) ~ (e, T) (2.26)
oi(t,T) = —a%ni(t,T). (2.27)

2.3.2 Change of Measure

Now that the connections between the dynamics of the defaultable zero coupon bonds
and the forward rates are clarified, we can start analysing the conditions for absence of

arbitrage opportunities in this model. We use the following standard definition:

Definition 2.4

There are no arbitrage opportunities if and only if there is a probability measure () equiv-
alent to P under which the discounted security price processes become local martingales.
This measure @) is called the martingale measure, and for any security price process X (t)

the discounted price process is defined as $(t) X ().

The main tool to classify all to P equivalent probability measures is the following version
of Girsanov’s Theorem (see Jacod and Shiryaev (1988) II1.3 and I11.5 and BKR (1996))):

Theorem 2.3

Assume that the default process has an intensity. Let 6 be a n-dimensional predictable
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processes 01(t), ..., 0,(t) and ¢(t) a strictly positive predictable process with

/0 10(s)%ds < o, / () A (5)ds < oo

for finite t. Define the process L by L(0) =1 and
dL(t) & 4
S =N 0,(1)dw —1)dM(t).

Assume that E| L(t) | = 1 for finite t.
Then there is a probability measure () equivalent to P with

dQ) = LydP and dQ; = LdP, (2.28)
where Q; := Q| F; and P, := P| F, are the restrictions of Q and P on JF, such that
AW (t) — 0(t)dt = dW (¢) (2.29)
defines W as ()-Brownian motion and

Ag(t) = d(t)A(2) (2.30)

is the intensity of the default indicator process under Q).
Furthermore every probability measure that is equivalent to P can be represented in the

way given above.

In the financial context here the processes 6; are the market prices of diffusion risk, and the
process ¢ represents a market premium on jump risk (in terms of a multiplicative factor
per unit of jump intensity). To ensure absence of arbitrage the financial requirement of
a well-defined set of market prices of risk with validity for all securities translates into
the mathematical requirement of having a well-defined intensity process for the change of

measure.

Given the defaultable bond price dynamics (2.9) the change of measure to the martingale
measure leaves the volatilities of the defaultable bond prices unaffected, the same is true
of the integral with respect to dN (the compensator of this integral has changed, though),
the only effect is a change of drift in the defaultable bond price process.
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From now on we will assume that the change of measure to the martingale measure has
already been performed. The results of the preceding section on the dynamics remain valid
if the underlying measure is the martingale measure. Therefore we simplify notation such

that all specifications in section 2.3.1] are already with respect to Q.

2.3.3 Absence of Arbitrage

By [t0’s lemma we require under the martingale measure for absence of arbitrage that for
allt > T

dB(t,T) |
E [ m} = r(t) dt. (2.31)
This means using (2.16)
- dB(t,T)
r(t)dt = E {_B—(t—,T) ]
= E| |-7¢T)+71) + §iaf(t,T) dt
+E Y a;(t,T) dW'(t) — dN(t)
r(t) = —F(t,T)+7(t) +% az(t,T) — \(t) (2.32)

Now we have to take a closer look at the compensator A(t) of the default indicator process
N(t). A(t) is increasing and we assumed that A(t) is also continuous, therefore A(t) is
differentiable almost everywhere on IR™ and thus N(¢) has an intensity dA(t) = A(t)dt.
Then

~M(t) = —N(t) + A(t) = —N(t) + / A(s) ds (2.33)

is a martingale by the definition of the predictable compensator. Now consider the value
process of the defaultable bank account ¢(t), i.e. the development of $ 1 invested at time 0
at the defaultable short rate and rolled over from then on. By definition its value at time
tis

() = Lgrory exp] /0 #(s)ds). (2.34)

If P=Q then # =0 and ¢ = 1.
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Under the martingale measure the discounted (discounting with the defaull-free interest

rate) value process of ¢

c(t) == % =1y e:x:p{/O 7(s) —r(s) ds} (2.35)

must be a martingale. This is the Doleans-Dade exponential of
tAT
M(t) := —N(t) +/ 7(s) —r(s) ds, (2.36)
0

which in turn must also be a martingale. (The martingale property can also be seen from
M(t) = [; %dé(s) and the uniqueness of the Doleans-Dade exponential up to 7.) We
use the freedom we had in the specification of 7(t) for ¢t > 7 and set 7(t) := r(t) for t > 7.

Taking the difference of (2.33) and (2.36)
M(t) — M(t) = /0 A(s) —7(s) +r(s) ds (2.37)

one sees that — while the L.h.s. is a martingale — the r.h.s. is predictable, the only predictable

martingales are constant, thus we have for (almost) all s
A(s) =T(s) —r(s). (2.38)

The hazard rate A(s) of the default is exactly the short interest rate spread. Note that this
relationship can also be inverted to define the defaultable short rate as 7(s) := r(s) + A(s).

Equation (2.38) is the key relation that yields, substituted in (2.32)), as necessary condition

for the absence of arbitrage:

F¥(t,T) = Y a(t,T). (2.39)

=1

N | —

Substituting the definition of 7 in this condition yields the results of the following theorem.

Theorem 2.4

The following are equivalent:

1. The measure under which the dynamics are specified is a martingale measure.
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2. (i) The short interest rate spread is the intensity of the default process. It is nonneg-

ative.

A(t) =7(t) —r(t) > 0. (2.40)
(ii) The drift coefficients of the defaultable forward rates satisfy for allt <T,t <t

2

/tTa(t, v)dv = %Zn: (/tT 7i(t, v)dv) (2.41)

=1

or, differentiated,

n T
a(t,7) = S it T) / 5t v)dv. (2.42)
i=1 t
(iii) The drift coefficients of the default-free forward rates satisfy for all t < T
n T
at,T) =Y oi(t,T) / oi(t, v)do. (2.43)
i=1 t

3. (1) 7(t) —r(t) = A(t) > 0.
(ii) The dynamics of the defaultable bond prices are given by

BT - F(t)dt + > a(t, T)dW'(t) — dN(t) (2.44)

=1

or, solving the s.d.e.

_ o t 1 n t
B(t,T) = 14-nB(0,7) exp{/0 7(s)ds — 52/0 aZ(s,T)ds

i=1
n t
+> / a;(s,T) dwi(s)} . (2.45)
i=1 70
(iii) The dynamics of the default-free bonds satisfy under the martingale measure

dB(t,T)

BT ~ Wi+ i a;(t, T)dW' (t). (2.46)

i=1

Proof: 1.) = 2.) : (i) and (ii) have been derived above, (iii) has been shown in HJM
(1992).

2.) = 3.) : 2.(i) and 3.(i) coincide, 3.(ii) follows from 2.(ii) and (i) by substituting in
proposition 1, again (iii) is by HJM (1992).
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3.) = 1.): follows from the definition of the martingale measure.
O

The most important result of this section is equation (2.42)), the defaultable-bond equivalent
of the well-known Heath-Jarrow-Morton drift-restriction. This restriction has been derived
for default-free bonds in HIM (1992)), and, as we see here, it is also an important part of
the modelling of the defaultable bonds’ dynamics. This was first noted by Duffie (1994)
and Lando (1998)).

Another important insight is that precise knowledge of the nature of the default process N
and its compensator A is not necessary for setting up an arbitrage-free model of the term
structure of defaultable bonds. With the restrictions 2.) of theorem 2.4 one can set up a
model of defaultable bonds that uses readily observable market data (the term structure
of the defaultable forward rates) as input, without having to try and find out about the

precise nature of N.

We assumed that the default process has an intensity: dA(t) = A(t)dt. This (and the fact
that Fp is trivial and thus M(0) = 0 a.s.) implies that the time of default is a totally
inaccessible stopping time. Dropping this assumption (to allow discontinuities in A) one
sees readily from the derivation of equation (2.38)) that the defaultable spot rate 7 cannot
be finite at jumps of A. One would have to specify the defaultable term structure in a
more general way by defining a process RY(t) := fg 7(s)ds which will be well-defined and
can account for the jumps in A. Similar definitions will be needed for the forward rates.
Then (2.38) translates into dR(t) = r(t)dt + dA(t). With this specification we can also

drop the initial assumption that a default cannot be predicted with certainty.

It is important to note that the default-free term structure and the defaultable term struc-
ture must satisfy the conditions simultaneously. This will become clearer in the following
version of theorem 2.4 that is set under the statistical measure P:

Theorem 2.5

If the dynamics are given under a subjective probability measure P the following are

equivalent:

1.) The dynamics are arbitrage-free.
2.) There are predictable processes 01(t),...,0,(t) and a strictly positive predictable pro-
cess ¢(t) that satisfy the regularity conditions of theorem 2.3 such that for all t < T':
(i) The difference between default-free and defaultable short rate is ¢ times the haz-

ard rate:

7(t) — r(t) = o(t)A(t). (2.47)
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(ii)) The defaultable and the default-free forward rates satisfy
n T n
A1)+ > w(t T) / sito)de = Y G(LTI0)  (248)
i=1 t i=1

—a(t, 1)+ ot T) /t nlto)de = Yo T (249)

i=1

a.s. forallt <T.

Proof: 1.) < There is an equivalent martingale measure )

< (Theorem 2.3) There are predictable processes 0,(t),...,0,(t) and a strictly positive
predictable process ¢(t) that satisfy the regularity conditions of theorem 2.3 such that
(using theorem 2.4):

(i) A9 = ¢\ and h9(t) = F(t) — r(t) = d(H)A(1).

(i) dW2 = dW; — 6;dt and

n

df(t,T) = Z (Ei(t,T) /t T@(t,v) dv) dt+i5i(t,T)dWiQ(t)

df(t,T) = > (crl-(t,T) /t ' oi(t,v) dv) dt + iai(t,T)dWiQ(t).

=1 i=1

By substituting the P-dynamics of f(¢,7) and f(¢,T) and equating coefficients the proof
is concluded.

O

From theorem 2.5 one sees directly that there is only one set of market prices of risk for
both the defaultable and the default-free term structure. This follows from the fact that
there is only one set of underlying Brownian motions that drive the market. The market
price of jump risk ¢ is uniquely determined by equation (2.47) which can be used as defining
relationship for ¢. Even with defaultable zero coupon bonds one can set up portfolios that
are hedged against default risk (by making sure that the total value of the portfolio is
zero), but still carry exposure to the Brownian motions. These portfolios must be related
to the default-free term structure in their dynamics, and this relation is given in the two

theorems above.
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2.4 Modelling the Spread between the Forward Rates

When trying to connect the dynamics of the defaultable term structure and the default-free

term-structure the most important relationship is (2.40):
0 < A(t)=7(t) —r(t).

In many cases a model of the default-free interest rates and forward rates will already be
in place and the task is to find a specification of a model of the defaultable term structure
that does not violate (2.40). If one directly estimated and implemented a model for the
defaultable term structure f(¢,T) without reference to the existing model of the default-
free term structure, situations where 7 < r are bound to arise and the (combined) model

will not be arbitrage-free.

A way around this problem is not to model the forward rates but the difference between
these as proposed in Duffie (1994):

Definition 2.5
The continuously compounded instantaneous forward rate spread h(t,T') is defined as the

difference between the defaultable forward rate and the default-free forward rate:

h(t,T) = f(t,T) — f(t,T). (2.50)

Under the martingale measure we have A(t) = h(t, t).

Now one has to find a model for h(¢,7") which is compatible with theorem 2.4. The
advantage of modelling h(t,T) instead of f(t,T) is that (2.40) reduces to the well known
problem of ensuring that h(¢,¢) > 0. and we can hope to use some of the extensive literature

on interest rate models with positive short rates. We use the following dynamics for h:

Assumption 2.3
The dynamics of h are given by

h(t,T) — h(0,T) = /t o (v, T) dv + i /Ot ol (v, T)dW' (v). (2.51)

0

Then

a(v,t) = a(v,t)+a"(v,t) (2.52)
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Gi(v,t) = oi(v,t)+ol(v,t). (2.53)
In place of the drift restriction (2.42) we reach:

Corollary 2.6
Let the default-free interest rates satisfy the HIM drift restriction (2.43). A model for the
defaultable forward rates based on the forward rate spread h(t,T) must imply under the

martingale measure

n

oM T) = Z{ai(t,T)/tTa?(t,v)dv

=1

T
+ol(t,T) / oi(t,v) dv
t

+ ot(t,T) /T

ol (t,v) dv] : (2.54)
t
Proof: Substitute (2.52) and (2.53) in (2.42).
O

Again — as in the original HJM model — the drift of the spread is given in terms of the
volatilities of the interest rates and spreads. Given these drift specifications one has to
require that the process h(t,t) is nonnegative. This will enable us to add a defaultable

interest rate model to a given model of the default-free interest rate in a modular fashion.

If one chooses a specification of the dynamics of h that has nonnegative h(t,t) a.s. under
the subjective measure, this will ensure that h(¢,t) will be nonnegative a.s. under the

martingale measure, too.

It will be interesting to analyse some possible specifications and the problems that may

arise when modeling the spread structure.

2.4.1 Independence of Spreads and default-free Rates
The easiest way to specify the spreads is to avoid the cross-variation terms with the default-

free term-structure in (2.54). Assume that every factor W; either influences f or h but
never both. ThenVi=1,...,n

T
oMt T)#0 = /Ji(t,v)dv—o
t
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oi(t,T)#0 = /T ol (t,v)dv =0 (2.55)

and the drift restriction for the spreads becomes the usual HJM restriction:

Corollary 2.7
(i) If ol and o; satisfy (2.55) then (under the martingale measure)

n T
(8, T) = ol(t,T) / ot (t,v)dv (2.56)
i=1 ¢
and h(t,t) > 0 a.s. are necessary and sufficient for absence of arbitrage.

(ii) Equation (2.55) is satisfied if h(t,T)) and f(t,Ty) are independent for all t < Ty, t <
T,, i.e. the term structure of the spreads and the term structure of the default-free

forward rates are independent.

Proof: The first part follows directly by substituting the assumptions (2.55) in (2.54). For
the last part observe that independence of the term structures of spreads and default-free
rates implies that

oi(t, T)ot(t, Ty) =0

for (almost) all t < Ty, Ty which in turn implies (2.55) directly.
O

Note that strict independence of h and ¢ is not needed. One might imagine a model where
the term structure of the spreads is driven by an additional Brownian motion alone (this
will ensure (2.55)), but the volatility of the spread might still depend on the level of the

default-free interest rates.

Satisfying the positivity requirement (2.40) on h(t,t) becomes very easy in the setup of
corollary 2.7: Ome can use any interest rate model for h(¢,7T") that is known to generate
positive short rates, e.g. the square root model of Cox, Ingersoll and Ross ((1985b)) or the

model with lognormal interest rates by Sandmann and Sondermann (1997).

2.4.2 Negative Forward Spreads

There is one additional caveat when using the nonnegative rate model for the forward rate

spreads: Even though we require that the ‘short’ spread h(t,t) > 0 is greater than zero, a
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‘forward’ spread h(t,T") (T > t) might still become negative.

Figure 2.1: Example for negative forward spreads

As an example how this can arise we consider the two-period economy with points in time
t = 0,1,2 from figure 1. There are three states wi,ws, w3 and the filtration is Fy =
{{wi,we, w3}, 0}; Fi = o({wi, w2}, ws); Fa = 0(wr,ws,ws). The states have risk-neutral
probabilities P(w;) = pg; P(ws) = p(1 —¢q); P(ws) = (1 —p). There are default-free bonds
B(0,1), B(0,2) and defaultable bonds B(0, 1), B(0,2). In state w; both defaultable bonds
survive, in wy only the defaultable bond with maturity 2 defaults and in w3 both bonds

default (with zero recovery).

The initial default-free term structure is given by B(0,1) = 3y and B(0,2) = Bo(pf. + (1 —
p)0B4). Thus the bond prices are

B(0,1) = f

B(0,2) = Bo(pBu+ (1 —p)Ba)
E(O,l) = pbo

B(0,2) = pqBofu
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The forward rates are

f(071>2) = _ln(pﬁu"{'(l_p)ﬁd)
7(07172) = _ln(qﬂu)'

We have a negative forward spread h(0,1,2) < 0 or f(0,1,2) < f(0,1,2) if

pBut+ (1 =p)Bs<qpBu (2.57)
holds. This is equivalent to
B
q>p+(1—p)ﬁ—d, (2.58)

so a necessary condition for negative forward spreads is that 8; < 3,. Choose for instance

p=09, B;/0.=0.9, ¢=0.995.

This example can be regarded as a ‘snapshot’ from a continuous-time model in which the

relevant prices and probabilities have been aggregated to the two-period example.

The condition Gy < (3, means that ry > r,. For negative forward spreads to arise we need
— either ¢ and p are of the same order of magnitude, then the ratio (3;/3, must be very
small, r, << 7y,

— or ¢ is much larger than p, then (3, can be of the same order as (3;. In practice ¢ >> p
only occurs if Ty >> Ty — T}. But then §;/8, ~ 1 because of the short horizon Ty — T}

which is very far in the future, as well.

The occurrence of negative forward spreads is due to the special way in which we defined
the defaultable forward rates. It is not possible to exploit the negative forward spread
as an arbitrage-opportunity because the portfolio one would typically use for that will be

destroyed by an early default:

In the default-free bonds one can set up a portfolio that replicates the payoff of a default
free forward contract, but set up in defaultable bonds this portfolio disappears in the case of
an early default. If one had gone long a default-free forward contract and short a replicating
portfolio of a defaultable forward contract, an early default (which eliminates the replicating
portfolio for the defaultable forward contract) leaves one with the default-risk free half of
the portfolio, which now is exposed to changes in the default-free term structure. If the
subsequent default-free interest rates are high the remainder of the portfolio will generate

a loss.
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Summarizing, negative forward spreads can only occur if there is a strong correlation
between early default (event w3) and high interest rates (3, small), and a strong correlation

between early survivial (events {wi,w»}) and low interest rates (3, large).

2.5 Positive Recovery and Restructuring

In the preceding sections we assumed that a defaultable zero coupon bond has a payoff of
zero upon default. This assumption is unnecessarily restrictive and does not agree with

market experience.

As mentioned in the introduction, real-world defaults often have the following features.
Positive recovery: Franks and Torous ((1994) find recovery rates between 40 and 80 percent.
Reorganisation: The majority of firms in financial distress are reorganised and re-floated,
they are not liquidated.

Compensation in terms of new securities: On average about one third of the compensation
to the holders of defaulted bonds is in cash , two thirds are in terms of new securities of
the defaulted and restructured firm.

Multiple defaults: A reorganised firm can default again. We have the possibility of multiple
defaults with in principle any number of defaults (each with subsequent restructuring of
the defaulted firm’s debt).

The main results of the preceding sections are still valid if the recovery of the bond is
positive and not zero. We choose the following setup including the possibility of multiple
defaults:

If a default occurs a restructuring of the debts occurs. Holders of the old debt loose a
fraction of ¢ of their claims, where ¢ € [0,1] is possibly unpredictable, but known at
default.

A pre-default claim of $ 1 face value becomes a claim of § (1 — ¢) face value

after the default. The maturity of the claim remains unchanged.

This model mimicks the effect of a rescue plan as it is described in many bankruptcy codes:
The old claimants have to give up some of their claims in order to allow for rescue capital
to be invested in the defaulted firm. They are not paid out in cash ®| (this would drain the
defaulted firm of valuable liquidity) but in ‘new’ defaultable bonds of the same maturity.

8The holder of a defaulted bond is free to sell this bond on the market, though.
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As the vast majority of defaulted debtors continue to operate after default, a representation
of the loss of a defaulted bond in terms of a reduction in face value is possible even if the

actual payoff procedure is different.

For ease of modelling we use the convention that the defaultable forward rates are quoted

with respect to a bond of face value 1 $.

The reduction in the face value of a bond in default is not reflected in the forward rates.
This convention enables us to separate the effects of changes in interest rates ( representing

expectations on future defaults) and the direct effect of the default.

This modelling approach has much in common with the fractional recovery introduced by
Duffie and Singleton (1997; 1999) and Duffie et.al. (1994; [1996; (1994]).

Duffie specifies the payoff in default to be a predictable fraction (1 — ¢) of the value of a
‘non-defaulted but otherwise equivalent security’. This is inspired by the default procedures
in swap contracts. In Duffie’s mathematical model the value V. of the defaulted security
directly after default (i.e. the payoff in default) is specified as V. := (1—¢q)V,_, the fraction

(1 — q) times the value of the same security directly before default.

Furthermore we include magnitude risk in our setup. The magnitude of the default is
uncertain and the actual realisation of the loss ¢; need not be predictable, it can be con-
sidered as a random draw at 7; from the distribution K (dq). This distribution may itself

be stochastic.

The analysis of the pricing of defaultable zero coupon bonds goes along the lines of the
zero-recovery case, where we increasingly have to introduce the theory of marked point
processes. Standard references are Jacod and Shiryaev (1988)), and Bremaud (1981)) for the
mathematical theory and Jarrow and Madan (1995) and Bjork, Kabanov and Runggaldier
(1996) and Bjork, Di Masi, Kabanov and Runggaldier (1997)) for the application to interest

rate theory!’.

2.5.1 The Model Setup

Mathematically the setup is as follows:

9The model presented here can be extended to include the possibility of predictable times of default.
(See the remarks at the end of section 5.) In addition to this we avoid the backward recursive stochastic
integral equations that are necessary in the Duffie model.

0For other financial applications see also Merton (1976)).
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Assumption 2.4
(i) Defaults occur at the stopping times 71 < To < .. ..
(ii)) At each time 7; of default a loss quota ¢; € E is drawn from a measurable space
(E,€), E C IR, the mark space. (Usually E = [0, 1] with the Borel sets.)
(iii) The double sequence (7;,q;),i € IN, defines a marked point process "' with defining

measure

p(w,t; dq, dt) (2.59)

and predictable compensator
v(w,t)(dq,dt) = K(w,t)(dq) A(t) dt (2.60)

(iv) Consider the defaultable zero coupon bond B(0,T). At time T, the maturity of this
bond, it pays out

QT) = 10— a), (2.61)

7 <T

the remainders after all fractional default losses. "*/ Q(t) can be represented as a
Doleans-Dade exponential: Q(0) =1 and

) [
Q=) ~ —/0 q u(dgq, dt). (2.62)

(v) The filtration (F;)u>o) is generated by the Brownian motions W' and the marked
point process [i.

(vi) We assume sufficient regularity on the marked point process p to justify all subsequent
manipulations.
— The sequence of default times is nonexplosive.
— w is a multivariate point process (see (1988)).
- fng K(dg)A(s) ds < oo for all t < oo.
— The processes introduced in definition 2.6 are square-integrable.

— The resulting bond prices are bounded.

For the subsequent analysis we need to define the following processes:

Definition 2.6

The loss summation function N'(t), the instantaneous expected loss rate q(t), the default

1For a general reference on marked point processes see Jacod and Shiryaev (1988) and Bremaud (1981).
12Tt will be clear from the context whether ) denotes the martingale measure or the accumulated
fractional default losses. The latter will usually be the case from now on.
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compensator A'(t) and the default martingale M'(t) are defined as:

N'(t) = /ot/o q iu(dg, ds) (2.63)
q(t) = /DqK(dCI) (2.64)

Aty = Ot/olqK(dq))\(s)ds :/ q(s)\(s)ds (2.65)
(t) - A'(t

M(t) = ). : (2.66)

Note that A’ is the predictable compensator of N’, and M’ is a martingale, and dQ(t)/Q(t—)
—dN'(t).

Assumption 2.5

In the presence of multiple defaults:

(i) The dynamics of the defaultable rates are given by assumption 2.1.
(ii) The dynamics of the defaultable bond prices are as in assumption 2.1, with N’ re-

placing N:
dB(t,T)

By T > Tt T)AW'(t) — dN'.

i=1

(iii) The defaultable bank account is c(t) = Q(t) exp{fot 7(s) ds}.

(iv) The dynamics of the default risk free rates and bond prices are given by assumption
2.2,

(v) There is no total loss: ¢; < 1 a.s.

Assumption 2.5 implies that all forward rates and the process G(t,T) = ftT f(t,s) ds are

continuous at times of default.

For the default-free rates this is justifiable in most cases (unless a large sovereign debtor
is concerned), but the defaultable rates should be modelled by explicitly allowing for de-
pendence on the defaults . A default will usually discontinuously change the market’s
estimation of the future likelihood of defaults and thus the defaultable forward rates. This
effect will be included in a later section, here we assume that the only direct effect of a
default is the reduction of the face value of the defaultable debt. Nevertheless we allow the
default to influence the diffusion parameters of the forward rates which distinguishes this

setup from the literature on Cox processes (see Lando (1998)).



2.5. Positive Recovery and Restructuring 37

2.5.2 Change of Measure

First, Girsanov’s theorem (theorem 2.3) takes the following form:

Theorem 2.8
Let 0 be a n-dimensional predictable processes 01(t), .. .,0,(t) and ®(t, q) a strictly positive

predictable function ' with

/Ot 16(s)|[*ds < oo, /Ot/E (s, q)| K(dq) M(s)ds < oo

for finite t. Define the process L by L(0) = 1 and

E

z(Lt(z _ ; 0,(1)dW' (L) + / (D(t,q) — 1)(u(dg, dt) — v(dg, dt)).

Assume that E[ L(t) | = 1 for finite t.

Then there is a probability measure () equivalent to P with

such that
AW (1) — 0(t)dt = dW (¢) (2.68)
defines W as (Q-Brownian motion and
vo(dg, dt) = ®(t, q)v(dg, dt) (2.69)

is the predictable compensator of pu under ().
Every probability measure that is equivalent to P can be represented in the way given

above.

Proof: See BKR (1996).
O

The only change to theorem 2.3 is the new predictable compensator of the marked point
process which has the form ®(t, ¢)v(dg, dt). Instead of a single market price of risk for the

jump risk we now have a market price of risk for each subset e € £ of the marker space.

13See Jacod and Shiryaev (1988) and Bjork, Kabanov and Runggaldier (1996).
R 14Tn functions of the marker ¢ (like ® here) predictability means measurable with respect to the o-algebra
P :=PRE. Here P is the o-algebra of the predictable processes. See Jacod and Shiryaev ((1988) for details.
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The market price of risk of a default with loss ¢ € e is then [, ®(q,t)K(dg)/ [, K(dgq) per
unit of probability.

Note that now we have a much larger class of potential martingale measures, as for every
(t,w) a function ®(t, q) has to be chosen and not just the value of the process ¢(t). Typically
we will have incomplete markets in this situation which poses entirely new problems for the
hedging of contingent claims. See Bjork, Kabanov and Runggaldier (1996) for a detailed
analysis of trading strategies, hedging and completeness in bond markets with marked

point processes.

As before, to save notation, we will assume that all dynamics are already specified with

respect to the martingale measure.

2.5.3 Dynamics and Absence of Arbitrage

We start from the representation of the defaultable bond prices as (using the notation and

results of the preceding sections)

B(t,T) = exp {~G(t, T)} Q1)
The dynamics of B(t,T) are then

dB(t,T)

1
& = —dG(t,T)+=d < G,G > —dN'
B(t—,T) 2

—(t,T) + Z

a;(t, T)dW'(t) — dN'(t)

NE

+

i=1

CHET) +T(E) — g(ONE) + % Y@

Z (t, T)dW'(t) — dM'(t),

where we used that G is continuous. Absence of arbitrage is here equivalent to

n

r(t) = —75(t,T) +7(t) — q()\(t) + % Za?(t, T). (2.70)

=1
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To show that the results of the preceding sections remain valid we only need to show that

AB)q(t) =T(t) — r(t). (2.71)

The argument goes exactly as before: The Doleans-Dade exponential of the martingale
M'(t) = N'(t) — [ a(s)\(s) ds is

t
exp{~ [ al\s)ds) T[(1 - a0 (272
0 T, <t
while the discounted value of the defaultable bank account is the @-martingale

c(t) == ? = exp{/o 7(s) — r(s)ds} H(l — ). (2.73)

t) 73
This is the Doleans-Dade exponential of

~

M(t) := =N'(t) +/0 7(s) — r(s)ds. (2.74)

Because ¢; < 1 a.s. we have that ¢(f) > 0 a.s. and therefore M is unique and well-defined

as M(t) = 5 g(i(f). Again, we see that

M(8) + VI(t) = /0 7(s) — r(s) — g(s)A(s) ds = 0 (2.75)

(being a predictable martingale with initial value zero) must be constant and equal to zero.

Therefore
At)q(t) =7(t) —r(t) > 0. (2.76)

Equation (2.76) is the equivalent of equation (2.38), the key relationship which allowed for
the derivation of conditions for the absence of arbitrage. These conditions are exactly the

same as for zero recovery, the proof is the same as for theorem 2.4.

Theorem 2.9

The following are equivalent:

1. The measure under which the dynamics are specified is a martingale measure.

2. (i) The short interest rate spread is the intensity of the default process multiplied
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with the locally expected loss quota. It is positive (for q(t) > 0).
q(ON) =7(t) — r(t) > 0. (2.77)

(ii) The drift coefficients of the defaultable forward rates satisfy for allt < T equations
(2.41) and (2.42).
(iii) The drift coefficients of the default-free forward rates satisfy for allt < T equation
(2.43).
3. (i) 7(t) —r(t) = AMt)q(t) > 0.
(ii) The dynamics of the defaultable bond prices are given by
dB(t,T)

BT - T(t)dt + ;Ei(t, T)dW(t) — dN'(t) (2.78)

or, solving the s.d.e.
— _ t 1 t
B(t,T) = B(0,T)Q(t) exp {/ 7(s)ds — —Z/ a:(s,T)ds
0 T Jo

+ Z/O a;(s,T) dwi(s)} . (2.79)

(iii) The dynamics of the default-free bonds satisfy (2.46).

All no-arbitrage restrictions on the dynamics of the interest rates are exactly identical to
the restrictions in theorem 2.4, although theorem 2.4 only concerned the situation with
zero recovery. Thus theorem 2.9 allows us to directly transfer all results on the modelling
of the spreads. The drift restrictions of the corollaries 2.6 and 2.7 and of theorem 2.5 are

also valid in the present setup.

For the modelling of arbitrage-free dynamics of the defaultable interest rates f(¢,T") one
need not be concerned with the specification of the recovery rates, it is sufficient to just
model the interest rates subject to the positive spread restriction (2.40) or (2.77) and
the drift restrictions (2.42) and (2.43). Again we see that the hard task of modelling an
unobservable quantity (like the distribution of the loss quota ¢) can be replaced with a

suitable model of the defaultable forward rates which are much more easily observed.

If one allows ¢ to take on negative values, negative spot spreads 7 — r are possible. A

negative ¢ means that the defaultable bond gains in value upon default. Of course such
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an event is very rare but in some cases there might be an early (and full) repayment of
the debt which will result in g < 0, for instance if the proceeds of a liquidation are greater
than the outstanding debt or if the default event is caused by a strategic default or a
takeover. The advantage of negative ¢ is to allow a wider class of models to be used for
g, e.g. particularly the Gaussian models like the models of of Vasicek (1977) and Ho and
Lee (1986).

2.5.4 Seniority

Bonds of different seniority have different payoffs in default, the ones with higher seniority
have a higher payoff than the ones with lower seniority. Strict seniority — junior debt has
a positive payoff if and only if senior debt has full payoff — is rather rare in practice which
is due to the various legal bankruptcy procedures, but in general senior debt has a higher

payoff in default than junior debt.

With a loss quota of junior debt ¢/ that is higher than the loss of senior debt ¢°, the
defaultable instantaneous short rate of junior debt is greater than the short rate for senior
debt: 7 > 75,

For modelling junior and senior debt another stage is added to the usual defaultable debt
modelling. First model the default-free term-structure. Then model the spread to the
senior bonds. Then (this is the new step) model the spread between junior and senior
debt using the senior debt as ‘default-free’ debt in the drift restrictions. The modelling

restrictions we derived above still hold in this setup.

2.6 Instantaneous Short Rate Modelling

Going back to the representation (2.79) of the dynamics of the defaultable bond prices

Btt.T) — B(0,T) -H(l—qi)exp{/otF(s)ds}

T <t

exp {—% il/; (s, T) ds + i/ot (s, T) dwi(s)} ,
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one can evaluate this expression at ¢ = 7" and use the final condition B(T',T) =[] . (11—

¢;) to reach

[T —a)exp {— /OTF(s) ds}

7 <T

= E(OTeXp{——Z/ 3Td3+2/ alSTdWZU}
H Y (2.80)

If ¢ <1 a.s. we may divide both sides by [[. .7 (1 —¢:) and take expectations of both sides

to reach

Corollary 2.10
If there is no total loss on the defaultable bond (i.e. ¢q; < 1), we have the following

representation of the price of defaultable zero coupon bonds:

B(0,T)=E [exp {— /OTF(S) ds} y FO} : (2.81)

Here we used that the second exponential is a stochastic exponential of the martingale
>, Jai(s, T)dW'(s). Thus it is again a martingale with initial value 1.

In the first sections with zero recovery we were not able to derive this representation as
7 was not defined for times after the default. The above representation of the prices of
defaultable bonds is the exact analogue to the representation of the prices of default-free
bonds B(t,T) = [exp{ j; (s)ds} ] as discounted expected value of the final payoff
1. This representation is the starting point of all models of the term-structure of interest
rates that are based on a model of the short rate'®. A result of this type has been proved
by Duffie, Schroder and Skiadas (1994)) (but in their valuation formula an additional jump
term occurs) and by Lando (1998)) for the case of a default that is triggered by the first
jump of a Cox process. Here the Cox process assumption is not needed, the default process

can have an intensity that conditions on previous defaults.

Alternatively to the modeling of defaultable interest rates in the HIJM- framework of as-

sumption 2.1 one can model the short rates directly. With any arbitrage-free short rate

15Popular models of the short rate are by (among others): Vasicek (1977), Cox, Ingersoll and Ross
(1985b), Ho and Lee (1986)), Black, Derman, Toy (1990), Hull and White (1993) and Sandmann and
Sondermann (1997).
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model for the default-free short rate r and a positive short rate model for the spread h
one can specify an arbitrage-free model framework. Because the model for the defaultable
short rate will necessarily be at least a two-factor model, the calibration of this model
might become difficult and the HJIM approach may be preferable. On the other hand the
short rate models need not worry about possibly negative forward spreads and are better

suited for analysis with partial differential equations.

2.7 Jumps in the Defaultable Rates

In the presence of multiple defaults (with ensuing restructuring) it is more realistic to allow
the defaultable rates to change discontinuously at times of default, the defaultable term

structure must be allowed to change its shape at these events.

These jumps in the defaultable rates are not to be confused with the fractional loss at
default. There are two distinct effects at a time of default which both cause a discrete
change in the value process of the holders of defaultable bonds:

First, there is the direct loss caused by the rescue plan and the reduction of the claims of
the defaulted bondholders. This is modeled by the marker process ¢.

Second, the market’s valuation of the defaultable bonds may change due to the default.
This is reflected in a discrete change in the yield curve but need not mean a irrecover-
able loss. If there is no further default until maturity this jump in the value process is

compensated'®,

2.7.1 Dynamics

To reach the most general setup we use the marked point process u(dg,dt). At every
default there are jumps in the defaultable term structure f(¢,T) and the defaultable bond
prices B(t, T).

We replace assumption 2.1 with:

16The general methodology of modelling interest rates in the presence of marked point processes is taken
from Bjork, Kabanov and Runggaldier (1996), who give an excellent account on default-free interest rate
modelling with marked point processes.
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Assumption 2.6
(i) The dynamics of the defaultable forward rates are:
df(t,T) =a(t, T)dt + Zﬁi(t, T) dW'(t) + / d(q;t,T) pu(dg, dt) (2.82)
i=1 E
(ii) The dynamics of B(t,T) := exp{— ftT f(t,s)ds} are:
dB(t,T) L .
2 = o, T) dt+ > a(t,T) dW'i(t
B7) (t,T) 2 (¢, T) dW'(t)
+ [ 0tait7) g, ) (2.83)
E
(iii) The dynamics of the defaultable bond prices B(t,T) = Q(t)B(t,T) are:
dB(t,T) “L .
Sy = MDA avi
+/(1 —q)0(q; t, T) u(dg, dt) —/qu(dq,dt) (2.84)
E E

(iv) We assume sufficient regularity on the parameters to allow:
— differentiation (w.r.t. T') under the integral,
— interchange of order of integration,

— finite prices B(t,T) almost surely.

We distinguish between a 'pseudo’ bond price B (t,T) in which the influence of previous
defaults has been removed, and the ‘real’ bond price B(t, T) = Q(¢)B(t, T). The dynamics

of B(t,T) in (2.84) follow directly from Itd’s lemma.

These dynamics are interdependent due to the following result by BKR (1996):

Proposition 2.11
Given the dynamics (2.82) of f(t,T)
(i) the dynamics of the defaultable short rate 7(t) are

12
orT

F(t,T) +al(t,t))dt + i ai(t, ) dW' (t)

T=t i=1

+ /E d(q;t,t)p(dg, dt).

dr(t) =

(2.85)
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(i) the dynamics of B(t,T) are

mtT) = 7(t)— /1t a(s,T)dH%Z( /t 5:(s,T) ds)? (2.86)
atT) — — /Tﬁi(s,T)ds (2.87)
0(q;t, T) = exp{—/t 5(q;s,T)ds}—1. (2.88)

(iii) The dynamics of the defaultable bond prices are given by assumption 2.6, (iii) with the

specification of (ii) above.

Proof: See BKR (1996) for (i) and (ii), point (iii) follows directly.

2.7.2 Absence of Arbitrage

The change of measure to the martingale measure is done according to theorem [2.8. The

analysis leading to the key relation (2.77)
At)q(t) =7(t) —r(t) >0

in section 2.5.3 is still valid, because the only defaultable security needed there is the
defaultable bank account ¢(t) which has no jump component in its development except the

direct losses of ¢; at default.

As usual we need for absence of arbitrage

dB(t,T)

eyt = E{m]

= T(t)dt —7(t,T)dt + % iaﬁ(t, T) dt
i / 0(q:t, T)(1 — q) K (dg)A(t) dt — q(A(t)dt.

Substituting (2.77) and (2.88) yields:

Proposition 2.12

Under the martingale measure
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(i) The short rate spread is given by

(1) — r(t) = At)q(t). (2.89)

(ii) The drift of the defaultable forward rates is restricted by

01 =53 ate )+ [ (o {= oo o} - 1) -0 s
- (2.90)

or, differentiated,
n T
at,T) = 3wt / 5t v) dv
i=1 t

- /E 5(¢:t, T) exp {— / g t0) dv} (1— ) K(dA(t).  (2:91)

(iii) The dynamics of the defaultable bond prices under the martingale measure are

dB(t,T)  _ ~_ ;
BT - 7(t,T) dt—I—;a,(t,T) AW (t)
+ [ (1= 0(as0.7) (el ) = K Moy )
—dN'(t) (2.92)

where 0(q;t,T) is defined as in (2.88).

Obviously the drift restriction (2.90) cannot be handled as easily as the other restrictions
in theorems 2.4] and 2.9 before because of the integral over the jumps of the forward rates.
As the defaults now have a jump-influence on the defaultable forward rates, the parameters

of the default process do not disappear any more.

BKR (1996) and Jarrow and Madan (1995) reach a quite similar restriction to (2.91) for
the modelling of default-free interest rates in the presence of marked point processes. The
restriction of BKR is

o T) = Y aut,T) /t ot v) du

- [ @t T) exp{—/tTé’(q;t,v) dv} K(dg)A(t),

E
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and applies to the default-free interest rates. In this setup we assumed that the default-
free interest rates do not jump (i.e. ¢ = 0) which reduces the restriction to the usual
HJM-restriction (2.43).

The s.d.e. of the defaultable bond prices is of the usual type: There is a drift component
of 7 and the default influence —dN'(t). The other parts of the dynamics of the defaultable

bond prices are local martingales.

2.8 Ratings Transitions

In the previous section we only allowed jumps in the term structure of defaultable bond
prices at defaults. But in an environment where changes in credit ratings can cause large,
sudden changes in the prices of defaultable bonds, one would like to be able to incorporate
jumps in the term structure of defaultable bond prices that are not caused by defaults but
only by rating transitions. This aim is easy to accomplish in the framework that has been

laid in the previous sections.

First we have to define defaultable bond prices and forward rates for all rating classes:

Definition 2.7

There are K different rating classes for defaultable bonds. (‘Default’ is not counted as a
rating class.) For each rating class k = 1,..., K there is a term structure of defaultable
(pseudo) bond prices By,(t,T) and defaultable forward rates f(t,T)

By(t,T) = exp{— /t T, s)ds}. (2.93)

The defaultable (pseudo) bond prices By(t,T) and forward rates f,(t,T) for all classes can
be observed at all times.

To every defaultable bond B(t,T) there is a ratings process R(t) which gives the rating of
the bond at time t. Thus its price is given by

B(t,T) = Q(t)Bryy(t, T).

Note that there is a difference between the price of one given defaultable bond B(t,T)
and the respective "pseudo’ bond price By,(t, T) of the ratings class k = R(t) in which the
defaultable bond happens to be at this time. First, the pseudo-bond price never changes

its rating (it is only used to define the bond prices in this rating class), and second, the



2. The Term Structure of Defaultable Bonds 48

pseudo bond price is not affected by defaults.

Next we describe the rating transition dynamics of the defaultable bond prices and the
dynamics of the pseudo defaultable bond prices for all rating classes. Note that in contrast
to most of the other literature we do not include ’default” as K + 1st rating class, but prefer
to model defaults using the multiple default model of the previous section. Assumption

2.6/ is replaced with:

Assumption 2.7
(i) The rating transitions of a defaultable bond are driven by a marked point process
pr(l,dt). The marker space of this process is E = {1,... K} the set of possible rating
class transitions. We write the predictable compensator of iz with a transition matrix

A= (akl)lgk,ng as

K
VR(Z, dt) = Z 1{R(t):k}akldt = CLR(t)’kdt.
k=1

The elements ay; of A can be predictable stochastic processes.

(ii) The dynamics of the defaultable forward rates within class k are:

df,(t,T) = a(t, T)dt + Zn:a,k(t, T) dW'(t) (2.94)

i=1

(iii) The dynamics of a defaultable pseudo bond price By(t, T) := exp{— j;T fi(t,s)ds} in

rating class k are:

dBy(t,T)

BT mp(t, T) dt + > a@x(t,T) dW' (1) (2.95)

i=1
(iv) Defaults of the defaultable bond are driven by the multiple default model as in as-

sumption 2.4, definition 2.6 and assumption 2.5. Thus the dynamics of the defaultable
bond prices B(t,T) = Q(t)éR(t) (t,T) are:

dB(t,T) Z" _ W
By(t,T)
— dNt—Atdt _ 1 k,dt —aRtth.
q(dN(t) = A(t) )+k¢§R(t) <BR(t)(t,T) ) (ur(k, dt) — arq)xdt)

(2.96)
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(v) Defaults and rating transitions never happen at the same time:
t
/st,uR(k‘,dS)EO Vke{l,..., K}, t>0.
0

(vi) We assume sufficient regularity on the parameters to allow:
— differentiation (w.r.t. T') under the integral,
— interchange of order of integration,
— finite prices B(t,T), By(t,T) almost surely.

The ratings transition marked point process ur(k,dt) places Dirac-delta weights of 1 in
the space {1,... K} x IR, at points (R*,t*), where ¢* is the time of a rating transition and

R* is the new rating class.

The compensator matrix A of ur contains the intensities of the different rating transitions:
ay, is the intensity of the process triggering a transition from class k to class [. A can be
stochastic. The matrix A is called the generator matriz of the rating transitions. In the
theory of Markov chains it is customary to set ag, == — ), 1 Wkt here this would not be

consistent with the definition of A as predictable compensator of yg.

To make the transition intensities ay; stochastic and dependent on the original rating class
k is redundant, but it makes the simplification to the important case of constant ay; trivial.
For a constant rating transition matrix A the ratings transitions form a time-homogeneous

Markov chain.

At a rating transition the defaultable bond price jumps to the equivalent (same maturity
and face value) defaultable bond price of the new rating class. Similarly, a default leads
to a reduction in face value of the defaultable bond by ¢ of the previous face value. The
recovery mechanism remains unchanged. Therefore, in equation (2.96) the predictable
compensators have already been subtracted from the respective point processes to ensure
that the resulting stochastic integrals are local martingales and that m(¢,7") contains the
full (predictable) drift coefficients. Excluding joint rating transitions and defaults is done
mainly to simplify the analysis. This assumption can be relaxed along the lines of the
previous section, and it may be desirable to be able to place the bond in a different rating

class after a default and reorganisation.

The following proposition gives the connection between the defaultable bond price dynam-
ics, the defaultable pseudo bond price dynamics and the defaultable forward rates for each

rating class.
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Proposition 2.13
For every given rating class k = 1,..., K and the dynamics (2.94) of f,(t,T)

(i) the dynamics of the defaultable short rate 7;(t) = f,(t,t) in rating class k are
drp(t) = [i? (t,t) + a(t t)]dt+zn:—- (t, t)dW'(t) (2.97)
Tk - oT k\bs apll, - Oik\U, . .
(i) the dynamics of By,(t,T) are

me(t,T) = Fk(t)—/t a(s,T) ds—l—%Z(/t Gik(s, T)ds)? (2.98)

=1

T
aik(t,T) = —/ Gik(s,T)ds. (2.99)
t

(iii) The dynamics of the defaultable bond prices B(t,T) = §R(t) (t,T)Q(t) and the dy-
namics of the rating R(t) of this bond are given by assumption 2.7 iv with the following

specification:

m(t,T) = MR(t) (t,T) — q(t)A(t)

M — 1) AR(E) k- 2.100
’ k;%%t) (BRm (t,T) o (2100
ai(t, T) = Qi R(1) (t, T) (2.101)

dR(t) =) (R(t) — k)pr(k,dt). (2.102)

Proof: Within a given rating class k = 1,..., K the specification is a standard HJM
term structure model of interest rates. Therefore (i) and (ii) follow directly from HJM
(1992)). Point (iii) follows directly from substituting the respective dynamics into B(t,T) =
Q(t)ER(t) (t,T) and using [t6’s lemma on point processes.

O

The change of measure to the martingale measure is done according to theorem [2.8. The

analysis leading to the key relation (2.77)
At)q(t) =7(t) —r(t) >0

in section 2.5.3 is still valid, but has to be done for each rating class individually.
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Consider the rating class k£ and the investment in the defaultable bank account ¢ () of this
rating class. As the investment in a defaultable bank account always matures at the next
instant (and is then rolled over), it is not affected by rating transitions: If our short-term
investment had a rating change to class k&’ (but no default), then it would still have the full
payoff in the next instant. This payoff is then taken and invested in a short-term investment
in the original rating class k. Thus it is possible to continuously roll over the defaultable
bank account ¢ (t) in rating class k. It has no jump component in its development except
the direct losses of ¢ at default. Therefore (using exactly the same argument as in theorem
2.9) we have

M (H)q(t) =Tr(t) — r(t) >0, (2.103)

the default intensity Ax(¢) in rating class k times the loss fraction ¢ equals the short spread
in this rating class. The default intensity of the defaultable bond is thus dependent on the
current rating class R(t) of the bond.

Equation (2.103)) gives a second reason why we did not specify 'default’ as K + 1st rating
class in definition 2.7: Firstly the transition intensity to ’default’ is already specified by the
term structure of the defaultable bond prices in this class, and secondly, in the fractional
recovery model defaulted bonds are reorganised and survive, thus the classical approach

(see e.g. Lando (1994; |1998))) of making default an absorbing state is not suitable here.

As usual we need for absence of arbitrage

Substituting (2.103) and the dynamics from proposition 2.13 yields now the following
proposition which gives the drift restrictions that are to be imposed on the martingale-
measure dynamics of the defaultable forward rates of each rating class to ensure absence

of arbitrage of the full model.

Proposition 2.14

Under the martingale measure

(i) The short rate spread in rating class k (k € {1,... K}) is given by

M(B)a(t) = Ti(t) - r(0). (2.104)
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(ii) The drift of the defaultable forward rates is restricted by

n

T 1 T
/t @t $)ds = 53 / Gon(t, 5) ds)?
x ~
Bl(taT)
+ ——~ —1a 2.105
z(Bk(th) ) 2.105)
or differentiated:

Gt T) = 3 7ol ) /t 5o a(t,5) ds)

i=1

o o~
Bl(t7T) n n

+ 5T 2R F T - T T)) agy 2.106

llek(t7T)<fk( )= [i(t,T)) aky (2.106)

If the defaultable forward rates satisfy (2.105) or (2.106), discounted defaultable bond

prices are local martingales.

This result holds without assuming Markov chain dynamics for the rating transition pro-
cess, and it can easily be generalised to stochastic recovery rates and joint jumps of ratings
and defaults. The drift restrictions (2.105) and (2.106) are versions of the drift restriction
found by BKR in the context of default-free term structures of interest rates. To close the
model, the default-free forward rates have to satisfy the classical HJM-drift restrictions,

too.

Using proposition 2.14 it is now possible to set up a simulation model of defaultable bond
price dynamics for a full portfolio of defaultable bonds of different rating classes and ma-
turities. Correlations in the movements of the spreads and yields in all classes and in the
dynamics of the default-free term structure of interest rates can be captured directly via

the forward rate volatility functions & (t, 7).

The only remaining problem is the specification of the rating transition intensities ay
under the martingale measure. There is a wealth of published data concerning historical
rating transitions but there seems to be a large risk-premium in the market attached
to downgrades below investment-grade and to defaults. This problem is left for further

research.
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2.9 Conclusion

In this chapter we presented a new approach to the modelling of the price processes of
defaultable bonds that was inspired by the Heath-Jarrow-Morton (1992) model of the term
structure of interest rates. This model avoids a precise specification of the mechanism that
leads to default but rather gives necessary and sufficient conditions on the term structure

of defaultable interest rates to ensure absence of arbitrage.

These restrictions show a striking similarity to the restrictions that are already well known
from default-free term structure models. Specifically, the defaultable interest rates have
to satisfy a drift restriction that is analogous to the HJM drift restriction, and a positive
short spread restriction. Given these restrictions the model is arbitrage-free. In the im-
plementation of the model one can therefore use the extensive machinery of default-free

interest rate modelling.

As an alternative to the HJM-modelling approach it is shown that sufficient for the absence
of arbitrage in a short rate model is a positive spread between the defaultable and the
default-free short rate. Furthermore it is discussed how a defaultable bond model can
be added to an existing model of default-free bonds while keeping the combined model
arbitrage-free, and the key result of the direct intensity approach was recovered, viz the
representation of the defaultable bond prices as the expectation of the defaultable discount

factor.

In addition to this, a new multiple default model was introduced in this chapter in which
defaulted firms are reorganised and their bonds continue to trade after a default. It was
shown that this modelling approach leads to a very intuitive representation of the spread of
the defaultable short rate over the default-free short rate as the product of the loss quota
in default and the default intensity.

Finally, in the last two sections the approach was extended in two directions: First, jumps
were allowed in the term structure of defaultable interest rates at times of default, and
second, the model was extended to a full rating transition model. The rating transition
model extended the existing literature in several ways: It is the first default model to
allow: fully independent stochastic dynamics of the credit spreads in all rating classes, a
perfect fit to the term structures of credit spreads in all rating classes, and stochastic rating

transition matrices.



Chapter 3

The Pricing of Credit Risk Derivatives

In this chapter the pricing of several credit risk derivatives is discussed in an intensity-based
framework with both default-free and defaultable interest rates stochastic and possibly
correlated. The differences to standard interest rate derivatives are analysed. Where

possible closed-form solutions are given.

3.1 Introduction

Credit derivatives are derivative securities whose payoff depends on the credit quality of
a certain issuer. This credit quality can be measured by the credit rating of the issuer or
by the yield spread of his bonds over the yield of a comparable default-free bond. In this

chapter we will concentrate on the latter case.

Credit risk derivatives can make large and important risks tradeable. They form an im-
portant step towards market completion and efficient risk allocation, they can help bridge

the traditional market segmentation between corporate loan and bond markets.

Despite their large potential practical importance, there have been very few works specif-
ically on the pricing and hedging of credit risk derivatives. The majority of papers is
concerned with the pricing of defaultable bonds which is a necessary prerequisite for credit
derivatives pricing. In this chapter we are going to use mainly the fractional recovery
/ multiple defaults model (see Duffie and Singelton (1997; 1999) and also Schénbucher
(19964a; |1998)) which we will compare to an alternative model of the recovery of defaulted
bonds: recovery in terms of otherwise equivalent default-free bonds (here termed equiv-

alent recovery, see e.g. Lando (1994; 1998)). This will enable us to analyse the relative

54
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advantages and disadvantages of the two modelling approaches.

Apart from this comparison, the second main point of the chapter is to demonstrate the
methodology that has to be used in an intensity-based credit spread model to price credit
contingent payoffs. This methodology is independent of the actual specification of the
model and it is easy to transfer most of the results to other intensity-based models like e.g.
the models by Jarrow and Turnbull (1995), Lando (1994; [1998)), Madan and Unal (1998)
or Artzner and Delbaen (1992). Closely related to this point is the third aim of the chapter
which is to analyse and identify the relative importance of model input parameters like

recovery rates or the correlation between interest rate and credit spreads.

In the following section the structure and applications of the most popular credit deriva-
tives will be presented. As credit derivatives are over-the-counter derivatives, no standard
specification has evolved yet. Therefore we chose an wide array of common and/or natu-
ral specifications to exemplify typical specifications and applications, and the more exotic
specifications will not be treated in the section on pricing later on. The discussed securities
include total rate of return swaps, default swaps, straight put options on defaultable bonds,

credit spread forwards and credit spread puts.

This is followed by a recapitulation of the fractional recovery and the equivalent recov-
ery models and a short discussion of the relative advantages and disadvantages of both
approaches. Using these models we begin the analysis of the pricing of those credit deriva-
tives that can be priced directly off the term structures of interest rates and credit spreads,

without needing to explicitly specify the dynamics of these term structures.

In the next section we present the specification of the stochastic processes for interest rates
and credit spreads/default intensities. We chose two alternative setups for the credit spread
and for the default-free short rate, a multifactor Gaussian model and a multifactor Cox
Ingersoll Ross (CIR) (1985b) square-root diffusion model.

The Gaussian setup can allow for arbitrary correlation between credit spreads and the
default-free term structure of interest rates but has the disadvantage of allowing credit
spreads and intensities to become negative. With the CIR setup on the other hand, only
positive correlation can be reached but it ensures positive interest rates and credit spreads.
Obviously these are not the only possible specifications, another promising specification
would be a market model with lognormal LIBOR rates. (See Miltersen, Sandmann and
Sondermann (1997) for the default-free case and Lotz and Schloegl (1999) for an analysis

of mutual counterparty risk in a market model.)
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The next section treats the pricing of the most important of the the credit risk deriva-
tives that were introduced before. To keep the results as flexible as possible we used the
specifications only in the last step of the calculation of the prices, and we also give the
expectations that have to be calculated if another model is used or a numerical imple-
mentation is desired. In the CIR case the pricing formulae are expressed in terms of the
multivariate noncentral chi-squared distribution function using results from Jamshidian
(1996), in the Gaussian case we reach expressions in terms of the cumulative normal distri-
bution function. We analyse the influence of interest-rate / credit spread correlation and

the differences to standard interest rate contingent contracts.

The conclusion sums up the main results of the chapter and points out the consequences

that these results have for the further development of credit spread models.

3.2 Credit Derivatives: Structures and Applications

This section contains an overview over the most common credit derivatives. First we have

to clarify the common features of most credit derivatives.

Definition 3.1

A credit derivative is a derivative security that has a payoff which is conditioned on the
occurrence of a credit event. The credit event is defined with respect to a reference credit
(or several reference credits), and the reference credit asset(s) issued by the reference
credit. If the credit event has occurred, the default payment has to be made by one of the
counterparties.

Besides the default payment a credit derivative can have further payofts that are not default

contingent.

Most credit derivatives have a default-insurance feature. In naming the counterparties we
will use the convention that counterparty A will be the insured counterparty (i.e. the
counterparty that receives a payoff if a default happens or the party that is long the credit
derivative), and counterparty B will be the insurer (who has to pay in default). Party C

will be the reference credit.
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3.2.1 Terminology

One of the attractions of credit derivatives is the large degree of flexibility in their specifi-

cation. Key terms of most credit derivatives are:

Reference Credit: One (or several) issuer(s) whose defaults trigger the credit event.

This can be one (typical) or several (a basket structure) defaultable issuers.

Reference Credit Asset: A set of assets issued by the reference credit. They are
needed for the determination of the credit event and for the calculation of the recov-
ery rate (which is used to calculate the default payment).

The definition can range from ‘any financial obligation of the reference credit’ to a
specific list of just a few bonds issued by the reference credit. Loans and liquidly
traded bonds of the reference credit are a common choice. Frequently, different assets

are used for the determination of the credit event and the recovery ratel.

Credit Event: A precisely defined default event, which is usually defined with respect
to the reference credit(s) and reference credit assets.

Possible definitions include:

o payment default (typically a certain materiality threshold must be exceeded)

(0]

bankruptcy or insolvency,

e}

protection filing,

e}

ratings downgrade below given threshold (ratings triggered credit derivatives),
o changes in the credit spread

o payment moratorium

but the definition can include events that go as far as ‘armed hostilities’, ‘social

unrest’ or earthquakes (for souvereigns) or ‘merger or takeover’ (for corporates).

Default Payment: The payments which have to be made if a credit event has happened.
The default payment is the defining feature of most credit derivatives.
This is the defining feature of most credit derivatives, and we will consider possible

alternatives when discussing the individual credit derivatives.

Example 3.1:
Default digital swap on the United States of Brazil:

! Assume a bank has a large loan exposure to C. To hedge this, a credit derivative could use a missed
payment on the loan as credit event trigger and the post-default market price of a bond issued by C to
determine the recovery rate. As the loan is not traded, its recovery rate cannot be determined from market
prices.
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Counterparty B (the insurer) agrees to pay USD 1 Mio to counterparty A if
and when Brazil misses a coupon or principal payment on one of its Eurobonds.

Here

o the reference credit are the United States of Brazil

o the reference credit assets are the Eurobonds issued by Brazil (in the credit
derivative contract there would be an explicit list of these bonds),

o the credit event is a missed coupon or principal payment on one of the
reference assets,

o the default payment is USD 1 Mio.

In return for this, counterparty A pays a fee to B.

So far no standard has evolved in the details of the specification of credit derivatives and
there are many unresolved problems in this area. Despite the large degree of flexibility it
is impossible to cover every contingency in the definition of the credit event, and — apart
from digital payoffs — there will also be problems to match the default payment exactly to
the exposure that is to be hedged. Even with physical delivery there may be problems if

the reference asset is very illiquid or not traded at all (e.g. a loan).

Ignoring the problems in the details of the specification, some credit derivatives have be-
come quasi-standard credit derivative structures. In the following sections we will examine

these structures and their applications in further detail.

3.2.2 Asset Swap Packages

An asset swap package is a combination of a defaultable fixed coupon bond (the asset)
with a fixed-for-floating interest rate swap whose fixed leg is chosen such that the value of

the whole package is the par value of the defaultable bond.

Example 3.2:
The payoffs of the asset swap package are:
B sells to A for 1 (the nominal value of the C-bond):

e a fixed coupon bond issued by C with coupon ¢ payable at coupon dates
ti, izl,...,N,

e a fixed for floating swap (as below).

The payments of the swap: At each coupon date t;, « < N of the bond
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e A pays to B: ¢, the amount of the fixed coupon of the bond,
e B pays to A: LIBOR + a.

a is called the asset swap spread and is adjusted to ensure that the initial asset swap

package has indeed the value of 1.

The asset swap is not a credit derivative in the strict sense, because the swap is unaffected
by any credit events. Its main purpose is to transform the payoff streams of different
defaultable bonds into the same form: LIBOR + asset swap spread (given that no default
occurs). A still bears the full default risk and if a default should happen, the swap would

still have to be serviced.

To ensure that the value of the asset swap package (asset swap plus bond) to A is at par
at time ty we require:
C(] + (So + ag — C)AO =1 (31)

where Cj is the initial price of the bond, s is the fixed-for-floating swap rate for the same
maturity and payment dates t;, and Ay is the value of an annuity paying 1 at all times
t;, 1 =1,...,N. All these quantities can be readily observed in the market at time ty. To
ensure that the value of the asset-swap package is indeed one, the asset swap rate must be
chosen as
ag = Aio(l—Co)—l—c—so.

Note that the asset swap rate would explode at a default of C, because then (1 — C})
would change from being very small to a large number. Using the definition of the fixed-

for-floating swap rate: spAg = 1 — B(to, ty) this can be rearranged to yield:

Agag = B(to,tn) +cAg — Co ; (3.2)
~ - . ~—
def. free bond defaultable bond

the asset swap rate ag is the price difference between the defaultable bond Cy and an
equivalent default free coupon bond (with the same coupon ¢, it has the price B(to, tx) +

cAp) in the swap-measure numeraire asset Ay.

Asset swap packages are very popular and liquid instruments in the defaultable bonds
market, sometimes their market is even more liquid than the market for the underlying
defaultable bond alone. They also serve frequently as underlying assets for options on
asset swaps, so called asset swaptions. An asset swaption gives A the right to enter an

asset-swap package at some future date 77 at a pre-determined asset swap spread a.
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3.2.3 Total Rate of Return Swaps

In a total rate of return swap (or total-return swap) A and B agree to exchange all cash
flows that arise from two different investments, usually one of these two investments is a
defaultable investment, and the other is a default-free LIBOR investment. This structure
allows an exchange of the assets’ payoff profiles without legally transferring ownership in

the asset.

Example 3.3:
Payoffs of a total rate of return swap: Counterparty A pays to counterparty

B at regular intervals:

e}

the coupon of the bond C (if there was one)

o

the price appreciation of bond C since the last payment
o the principal repayment of bond C (at the final payment date)

o the recovery value of the bond (if there was a default)
B pays at the same intervals

o a regular fee of LIBOR +x
o the price depreciation of the bond C (if there was any)

o the par value of the bond (if there was a default in the meantime)

These payments are netted.

In the example above the two investments whose payoff streams are exchanged are:

(a) an investment of a dollar amount of the face value of the C bond at LIBOR and (b) the
investment in the C bond, adjusted by a spread on the LIBOR investment. The reference
credit is C, the reference asset is the C bond, credit event is a default on the reference

asset and the payoff in default is specified above.

B has almost the same payoff stream as if he had invested in the bond C directly and
funded this investment at LIBOR +x. The only difference is that in the total rate of
return swap is marked to market at regular intervals. Price changes in the bond C become
cash flows for the TRORS immediately, while for a direct investment in the bond they
would only become cash flows when the bond matures or the position is unwound. This
makes the TRORS similar to a futures contract on the C bond, while the direct investment
is more similar to the forward. The TRORS is not exactly equivalent to a futures contract

because it is marked to market using the spot price of the underlying security, and not the
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futures price. This difference can be adjusted using the spread = on the floating payment
of B.

The reference asset should be liquidly traded to ensure objective market prices for the
marking to market. If this is not the case (e.g. for bank loans), the total return swap
cannot be marked to market. Then its term must match the term of the underlying loan

or it must be terminated by physical delivery.

Total rate of return swaps are among the most popular credit derivatives. They has several

advantages to both counterparties:

o Counterparty B is long the reference asset without having to fund the investment up
front. This allows counterparty B to leverage his position much higher than he would
otherwise be able to.

o If the reference asset is a loan and B is not a bank then this may be the only way in
which B can invest in the reference asset.

o Counterparty A has hedged his exposure to the reference credit if he owns the reference
asset (but he still retains some counterparty risk).

o If A does not own the reference asset he has a created short position in the asset.
(Directly shorting defaultable bonds or loans is often impossible.)

o The transaction can be effected without the consent or the knowledge of the reference

credit C. A is still the lender to C and keeps the bank-customer relationship.

3.2.4 Default Swap

In a default swap (also known as credit swap) B agrees to pay the default payment to A
if a default has happened. 1f there is no default of the reference security until the maturity
of the default swap, counterparty B pays nothing.

A pays a fee for the default protection. The fee can be either a lump-sum fee up front

(default put) or a regular fee at intervals until default or maturity (default swap).

An example of a default swap with a fixed repayment at default is given in example |1
(default digital swap on Brazil). Default swaps mainly differ in the specification of the

default payment. Common alternatives are

o notional minus post-default market value? of the reference asset (cash settlement),

2The post-default market value could be determined from dealer bid and ask quotes, averaged over a
certain period of time and over several dealers and reference assets.
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o physical delivery of one or several of the reference assets against repayment at par,

o a pre-agreed fixed percentage of the notional amount (default digital swap).

Sometimes substitute securities may be delivered, or an exotic payoff may be specified (e.g.

to hedge counterparty exposure in derivatives transactions).

The default swap allows the separation of the credit risk component of a defaultable bond
from its non-credit driven market risk components. The protection buyer (A) retains the
market risk but is hedged against the credit risk of C, while the protection seller (B) can

assume the credit risk alone.

The price of a default swap is closely related to the price of a defaultable floating rate
note (FRN). Although the defaultable FRN is not a derivative, its pricing is nevertheless
nontrivial because it does not always have to trade at par like default-free FRNs. This

relationship will be explained in the section on the pricing of credit derivatives.

3.2.5 Credit Spread Products

Some credit derivatives have payoffs that condition on the credit spread of the reference
credit asset over an equivalent default-free bond. Here the credit event is a change in the
credit spread and not necessarily a default. To isolate the reference on credit spreads some
credit spread derivatives are even knocked out if a default happens on the reference asset.
The reference asset must be a liquidly traded bond to allow a meaningful definition of the

credit spread.

Credit spread structures are mainly used for trading. They allow the counterparties to
separately trade the credit risk component of a defaultable bond and contribute thus to
more efficiency in these markets. A credit spread forward can be used to make a position
in the reference asset neutral against credit spread movements or defaults, and a credit
spread put can be used to limit the downside risk due to credit spread movements. With
a very high strike spread a credit spread put can also be used as a substitute for a default

swap which can have advantages for regulatory purposes.

3.2.5.1 Credit Spread Forward and Credit Spread Swap

In a credit spread forward, counterparty A pays at time 1" a pre-agreed fixed payment and

receives the credit spread of the reference asset at time 7. Conversely, counterparty B
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receives the fee and pays the credit spread. The fixed payment is chosen at time t < T to

set the initial value of the credit spread forward to zero.

The credit spread forward can also be structured around the relative credit spread between
two different defaultable bonds. This case can be decomposed into two credit spread
forwards on the absolute credit spread of the reference assets. The credit spread forward
is similar to a forward rate agreement with the only difference that the credit spread is
referenced and not an interest rate. Several credit spread forwards can be combined to a

credit spread swap.

3.2.5.2 Credit Spread Options

A credit spread put gives counterparty A the right to sell the reference asset to counterparty
B at a pre-specified strike spread over default-free interest rates. A credit spread put can
be viewed as an exchange option that gives A the right to exchange one defaultable bond
for a certain number (< 1) of default free bonds. Frequently the underlying security is not

a defaultable bond but an asset swap package on the defaultable bond.

o the reference credit asset is the referenced bond or asset swap

o the credit event has occured if the credit spread of the reference asset is above the strike
spread at maturity of the option

o the default payment is the price that the reference asset would have at the strike spread

minus the market price of the reference asset.

Many funds and insurance companies are restricted by their statutes or regulation to
investment-grade investments. A credit spread put option would allow these investors a
switch out of the defaultable bond investment if the credit quality of the reference credit
decreases. For this application the credit event could also be defined as a downgrade of
the reference credit to a rating class below investment grade, and the default payment can

be an exchange of the reference asset against an index of investment-grade debt.

A second application is the exposure management of committed lines of credit. A com-
mitted line of credit is similar to an overdraft on a bank account. The debtor C has the
right to enter a pre-agreed loan contract at any time he chooses, he can draw his line of
credit. For this C pays a regular fee to the committed bank A. If bank A does not want
any additional exposure to C, it can still commit the line of credit, but hedge with a credit

spread option (American style) which enables bank A to put the loan to B as soon as the
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line of credit is drawn®. In this context the option is also called a synthetic lending facility.

3.2.6 Options on Defaultable Bonds

A plain put option on a defaultable bond gives A the right to sell the defaultable bond to
B at the strike price at the exercise date. It is different from a classical bond option in
that the price of the underlying (the defaultable bond) may jump downwards at defaults.
It offers protection against rising default-free interest rates, rising credit spreads and (if

the option survives) against defaults.

3.2.7 Basket Structures

In a basket default swap we have several reference credits (', ..., Cy with their respective
reference credit assets. The credit event can be triggered either by the first default in
the basket (first-to-default) or if a certain loss level is exceeded. A first-to-default basket
default swap would have the following payoffs:

o A pays a regular fee.

o The credit event is the first default of one of the reference credits.

o If the credit event has happened, B pays to A the default payment.

o The default payment is either par minus the recovery value of the defaulted security, or
a binary payment, or another default payment.

o After the first default the basket default swap is terminated.

With a first-to-default swap the credit quality of a portfolio can be enhanced significantly
(provided the defaults in the portfolio are largely uncorrelated). A’s motivation here is to
gain default protection at a lower price while accepting the risk of more than one default in
the basket. For counterparty B a basket structure can have regulatory capital advantages®*.
Furthermore B can reach a higher (promised) return on its investment than he could by

investing in one of the reference credits alone.

Often, the combination with a basket default swap can enhance the credit quality of a loan
portfolio to ‘investment grade’ rating and thus make it suitable for a new class of investors.

The first-to-default structure is most useful for baskets with a small number (less than six)

3A priori this would not be an optimal early exercise policy, but given bank A’s operating constraints
it may still be optimal to them.

4By the BIS regulatory capital rules B only has to provide regulatory capital for one defaultable bond,
although he bears most of the credit risk of the whole basket.
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of defaultable bonds, for large portfolios it is more appropriate to specify a certain loss
level that has to be exceeded.

3.2.8 Credit Linked Notes

A credit linked note is combination of a credit derivative (usually a default swap or a basket
default swap) with a bond issued by counterparty A. A default-swap linked note has the

following structure

e}

B buys the note.
At the coupon dates A pays the coupon of the note (provided C has not defaulted).

e}

(0]

If C defaults, the note is terminated and A pays the recovery rate of the reference asset
(a bond issued by C) to B.
If C has not defaulted until maturity of the note, A repays the principal amount of the

e}

note.

In general, after a default of C, A pays to B the nominal value of the note minus the
default payment of the credit derivative that is combined with the note. To counterparty
B this structure is (almost®) equivalent to an investment in a bond issued by A and a

short position in the credit derivative with C as reference credit.

In such a structure, A is often a bank that has given a loan to C. A’s motives are the

following;:

o A receives funding for the loan to C.
A has laid off the credit risk to C.

There is no counterparty risk to A because A’s claims are fully collateralised. (On the

o

o}

other hand B does bear counterparty risk to A.)

(0]

The credit protection can be bought more easily: Counterparty risk is eliminated and

the note can be sold in small denominations to more than one investors.

To B this credit linked note offers customised exposure to C’s credit risk even if B himself
would not qualify as a default swap counterparty because of his credit standing. If A has
a very high credit rating, the credit linked note is equivalent to debt issued by C directly.
Total return credit linked notes are also a popular vehicle for the securitisation of large

pools of small claims in form of collateralised loan obligations (CLO).

5The only difference is that after a default of C the credit linked note is terminated while a bond issued
by A would survive.
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3.2.9 Applications of Credit Derivatives

Some of the applications of credit derivatives have already been mentioned when they were
specific to the credit derivative discussed. General fields of application common to most

credit derivatives are:

o Applications in the management of credit exposures:

These include the reduction of credit concentration (through basket structures), easier
diversification of credit risk and the direct hedging of default risk.

o In trading, credit derivatives can be used for the arbitrage of mispricing in defaultable
bonds (through the possibility of short positions on credit risk) and the general possibility
to trade a view on the credit quality of a reference credit (usually through credit spread
products). Default digital products also allow the trading of views on the recovery rate
of defaulted debt.

o The largest group of credit derivative users are banks who use credit derivatives to free up
or manage credit lines, manage loan exposure without needing the consent of the debtor,
manage (or arbitrage) regulatory capital or exploit comparative advantages in costs of
funding. Another important application here is the securitisation of loan portfolios in
form of CLOs.

o The specification of the credit derivatives can be adjusted to the needs of the counter-
parties: Denomination, currency, form of coupon, maturity or even the general payoft
need not match the reference asset. This is especially useful for the management of

counterparty exposures from derivatives transactions.

3.3 Defaultable Bond Pricing with Cox Processes

3.3.1 Model Setup and Notation

As in the previous chapter, the model is set up in a filtered probability space (2, F, (F;)>0), P)
where P is a pre-specified martingale measure. We assume the filtration (F;)u>0 satisfies
the usual conditions® and the initial filtration Fy is trivial. We also assume a finite time
horizon T with F = Fj, all definitions and statements are understood to be only valid

until this time horizon T.

Unless otherwise stated the notation follows the specification in the previous chapter and

6See Jacod and Shiryaev (1988).
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the notation overview behind the table of contents. We will use the definition 2.2 on page
14/ of the default-free term structure, and definition 2.3/ on page 15 for the defaultable term

structure of bond prices and interest rates. The notation used is:

o B(t,T) : default free zero coupon bond price,
r(t) : default free short rate,
Be.r : discount factor over [t, T,

B(t,T) : defaultable bond price,
P(t,T) : survival probability for [¢,T].

e}

(0]

e}

e}

3.3.2 The Time of Default

Although we are going to use two different models to model the recovery of defaulted
bonds, the model for the time of the default(s) is the same for both:

We assume that the times of default 7; are generated by a Cox process. Intuitively, a
Cox Process is defined as a Poisson process with stochastic intensity A (see Lando (1998),
p.101). Formally the definition is:

Definition 3.2

N is called a Cox process, if there is a nonnegative adapted stochastic process \(t) (called
the intensity of the Cox process) with fg A(s)ds < oo VYV t > 0, and conditional on the
realization {A(t)} >0y of the intensity, N(t) is a time-inhomogeneous Poisson process with

intensity A(t).

This definition follows Lando (1998)) and differs from the usual definition of a Cox process
where the intensity process A(t) is Fp-measurable (see e.g. Brémaud (1981)). It is not
necessary to reveal directly all information about the future development of the intensity,
and for the valuation of some derivatives this modelling approach would even introduce

pricing errors’.

Assumption 3.1
(i) The default counting process

N(t) = max{ilr; <t} =Y 1<y (3.3)
=1

"Consider e.g. an American Put option on a defaultable bond in a world with constant zero default-free
interest rates. If all information about A(t) is revealed at t = 0 this would enable the investor to condition
his optimal exercise policy on the future development of A which is not realistic.
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is a Cox process with intensity process A(t).

(ii) In the equivalent recovery model the time of default is the time of the first jump of
N. To simplify notation the time of the first default will be referred to with 7 := 7.

(iii) In the fractional recovery model the times of default are the times of the jumps of N.

Remark 3.1

Given the realisation of A, the probability of having exactly n jumps is

P[N(T) — N(t) = n | ()} o ] = i(/ As)d ) ol [ Nos). (3.0

n!

The probability of having n jumps (without knowledge of the realisation of \) is found by

conditioning on the realisation of A within an outer expectation operator:

P[N(T)=N(t)=n| F]=E[ P[N(T) - N(t)=n|{\Ms)hrzszny | | 7]
:E{ %(/t )\(s)ds) exp{— t A(s)ds} '.7-}}, (3.5)

Define the process P(t,T)

P(t,T)=E [ e~ i A ] . (3.6)

For 7 >t P(t,T) can be interpreted as the survival probability from time ¢ until time 7'
In general,
L= P, T)=E [ 1amy | 7. (3.7)

Given 7 > t the density of the time of the first default as seen from ¢ is for 7" > ¢
T
.7 =B Ayl [ A} | 7 53
t

and p(t,T)=0for T <t. P

The law of iterated expectations will prove extremely useful later on, it was first used with

Cox processes in a credit risk context by Lando (1998)).

8If a default has already happened, p(t,T) = €, the density of the first default reduces to the Dirac
measure at 7.
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The specification of the default trigger process as a Cox process precludes a dependence
of the default intensity on previous defaults’ and also ensures totally inaccessible stopping
times 7; as times of default. Apart from this it allows rich dynamics of the intensity process,
specifically, we can reach stochastic credit spreads. If only the time of the first jump of N
is of interest, the Cox-process specification is completely without loss of generality within

the totally inaccessible stopping times.

Equations (3.4), (3.5) and (3.8) will be used frequently later on. In the following sections
we will consider time ¢ as ‘today’, and assume that no default has happened so far 7 > t.

(The statements for 7 < t are trivial.)

3.3.3 The Fractional Recovery Model

The model used here is an extension of the Duffie-Singleton (1999) model to multiple
defaults. More details to the model can be found in Schénbucher (1996a; 1998) and in
section 2.5/ in the previous chapter. The new feature of this model is that a default does
not lead to a liquidation but a reorganisation of the issuer: defaulted bonds lose a fraction ¢
of their face value and continue to trade. This feature enables us to consider European-type
payoffs in our derivatives without necessarily needing to specify a payoff of the derivative
at default (although we will consider this case, too). The next assumption (a repetition of

assumption 2.4) summarises the fractional recovery model:

Assumption 3.2

There is an increasing sequence of stopping times {7; };c v that define the times of default
(given in definition |3.2 and assumption 3.1). At each default 7; the defaultable bond’s face
value is reduced by a factor ¢;, where q; may be a random variable itself. A defaultable

zero coupon bond’s final payoff is the product

Q) =[]0 —a) (3.9)

7 <T

of the face value reductions after all defaults until the maturity T' of the defaultable bond.
The loss quotas q; can be random variables drawn from a distribution K(dq) at time 7,

but for the first calculations we will assume ¢; = q to be constant.

9Tt is therefore not possible to specify an intensity that jumps at defaults.
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It is now easily seen'’ that in this setup the price of a defaultable zero coupon bond is
given by
B(t,T) = QW)E | e I T

]—"t] . (3.10)

The process 7 is called the defaultable short rate 7 and it is defined by
F=1r+ M. (3.11)

Here r is the default-free short rate, A the hazard rate of the defaults and ¢ is the loss quota
in default. If ¢ is stochastic then ¢ has to replaced by its (local) expectation ¢f = [ ¢K:(dq)
in equation (3.11).

It is convenient to decompose the defaultable bond price B as follows:

B(t,T) = Q)B(t,T) = Q(t)B(t, T)P(t, T). (3.12)

Here Q(t) represents the face-value reduction due to previous defaults (before time t). Fre-
quently we will be able to set t = 0 and thus Q(¢) = 1, but for the analysis at intermediate
times it is important to be clear about the notation!!. The defaultable bond price B(t,T)
is thus the product of Q(t), the influence of previous defaults, and the product of the
default-free bond price B(t,T") and the third factor ]S(t, T) which is uniquely defined by
equation (3.12), or equivalently:

1 B(t,T)

P(t,T) = O BT (3.13)

Remark 3.2

P(t,T) is related to the survival probability P(t,T) of the defaultable bond: If 7 and A
are independent and there is a total loss (¢ = 1) at default then P(¢,T) is the probability
(under the martingale measure) that there is no default in [t, 7.

If » and X\ are not independent, ﬁ(t,T) is the survival probability under the T-forward
measure P

P(t,T) =B | e

]—"t] . (3.14)

(Under independence ET [ PO

ft} and E [ e_ftT gA(s)ds

Fi ] coincide.)

0Using the iterated expectations, see equation (2.81) and also Duffie and Singleton (1999) and
Schonbucher (1996a; [1998) for a more general proof.

HFor example, at the expiry date of an option we would like to separate previous defaults and credit
spreads in the price of the underlying.
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If there is positive recovery (¢ < 1) then ]S(t,T) is the expected final payoff under the

T-forward measure, but the implied survival probability cannot be recovered.

3.3.4 The Equivalent Recovery Model

The equivalent recovery model has been proposed by several authors, amongst them Jarrow
and Turnbull (1995) Lando (1998) and Madan and Unal (1998). Here the recovery of
defaulted debt is treated as follows:

Assumption 3.3
At the time of default T one defaultable bond B(7,T) with maturity T has the payoff of c
default free bonds B(1,T) of the same maturity and face value, where ¢ may be random,

too.

Under the equivalent recovery model (with constant ¢ and given no default so far 7 > t)
the price of a defaultable bond can be decomposed into ¢ default-free bonds and (1 — ¢)

defaultable bonds with zero recovery

§<t7 T) =E [ 6t,T1{T>T} + C/Bt,TB<T7 T)l{TST} } ft]
=E [ 6t,T1{T>T} ‘ f.t} + cE [ ﬁt,T ’ -;Ct] —cE |:/6t,T1{T>T} | Ft}
= (1-¢)Bo(t,T) + cB(t,T), (3.15)

where By(t,T) is the price of a defaultable bond under zero recovery:

T
E[Birlipsry | Fi] =14onE [e—ft r(s)+A(s)ds

It should be pointed out that the equivalent recovery model is not able to fit all term
structures of credit spreads with a given fixed common recovery rate c. Assume 7 > t and
the term structure of credit spreads is at a constant credit spread h for all maturities T'.
Then

B(t,T) )

B(t,T)
and for large enough 7' — ¢ (such that T'—t > —(Inc)/h),

ﬁ(t,T) = L (i(t’T) — c) = L (e_h(T_t) — c) <0,
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the survival probability (see below) that can be implied from the zero-recovery bond
By(t,T) would become negative, which is obviously not sensible. In the equivalent re-
covery model there is a lower bound on the ratio of defaultable bond prices to default-free
bond prices and this bound is the recovery rate ¢. Therefore the zero coupon yield spread

must satisfy
Inc

T—t

which may not be satisfied by market prices for longer times to maturity 7' — ¢ and high

g(th) - y(tv T) < -

credit spreads. E.g. for a recovery rate of ¢ = 50% and a time to maturity of 7' — ¢ = 10

years the maximal (continuously compounded) credit spread is h = 6.93%.

Despite these different properties of the two modelling approaches, with a suitable choice
of (time dependent or stochastic) parameters, both models can be transformed into each
other: The value of the security in default is only expressed in different numeraires, once in
terms of defaultable bonds and once in terms of default-free bonds. Both approaches are
therefore equivalent and one should use the specification that is best suited for the issue
at hand.

3.3.5 Implied Survival Probabilities

In the equivalent recovery model it is easy to recover implied survival probabilities from
a given term structure of defaultable bond prices and a given value for ¢. From equation
(3.15) we have

~ _ Bo(t,T) 1 (B(tT)
P(t,T) = BUT) ~ 1—c<B(t,T)_C)' (3.16)

As before P(t,T) is the probability of survival from ¢ to T under the T-forward measure
(and also under the spot martingale measure for independence of credit spreads and interest

rates).

This survival probability and the prices of defaultable zero coupon bonds By(t,T) under
zero recovery are very useful to value survival contingent payoffs. For many pricing appli-
cations knowledge of By(t,T) is already sufficient. It is a great advantage of the equivalent
recovery model that it allows to derive the value of a survival contingent payoff just from

the defaultable and default-free term structures and an assumption about recovery rates c.

In the fractional recovery model it is not possible to derive the value of a zero-recovery
defaultable bond just from knowledge of the recovery rate ¢, the defaultable bond price

and the default-free bond prices unless the recovery rate is zero. Here a full specification
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of the dynamics of  and )\ is needed.

Given independence of interest rates and the default intensity, the implied survival proba-

bility is the ratio of the zero coupon bond prices:

Bo(t,T)

P T) = B, T)

Typically the survival probability P(t,T') will change over time because of two effects: First,
if there was no default in [¢,¢ + At] this reduces the possible default times, information
has arrived via the (non)-occurrence of the default. Secondly, additional default-relevant

information could have arrived in the meantime.

For the analysis of the local default probability in some future time interval it is instructive
to consider the conditional probability of survival. The probability of survival in [T7, T3],

given that there was no default until 77 and given the information at time ¢ is:

P(t,Ty)  Bo(t,T») B(t,Ty)
P(t,Ty)  B(t,T3) By(t,T1)

P(tv T17 TZ) -

This is a simple consequence of Bayes’ rule. The probability of survival until 7" is the
probability of survival until s < 7T times the conditional probability of survival from s until
T

P(t,T) = P(t,s)P(t,s,T).

There is a close connection between forward rates and conditional survival / default prob-

abilities.

Definition 3.3

The default-free simply compounded forward rate over the period [T7,T,] as seen from t is:

B(t,T1)/B(t,T3) — 1

F(taTlaT2> = T T
2 — 41

The zero-recovery defaultable simply compounded forward rate over the period [T}, T3] as

seen from t is: o .
— Bo(t,T1)/Bo(t, T5) — 1
F(t,Tl,TQ) — 0( Y 1)/ 0( ) 2)
T, — T
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Proposition 3.1
The conditional probability of default over [T}, T3] is given by:

Pt T\, T)  F(t,Ty,To) — F(t,Ty,T»)
T2 - Tl 1 + (T2 - Tl)ﬁ(t, Tl,T2> '

The marginal probability of default at time T is the spread of the continuously compounded

defaultable forward rate over the default-free forward rate:

. PN T T + At)
lim
ANO At

= 7(t>T) - f(t>T)‘

Proof: (dropping the ¢-index)

PYNT Ty) =1 — P(Ty, Ty)
- By(Ty)B(Th)

B(T3)Bo(Ty)
_ B(T3)Bo(Th) — Bo(T) B(Th)
- B(T3)Bo(Ty)
_ B(T3)[Bo(T1) — Bo(13)] — Bo(T3)[B(T1) — B(Ty)]
B(T3)Bo(Ty)
 Bo(Ty) Bo(Ty) — Bo(Ty)  Bol(Ty) B(Th) — B(Ty)
" Bo(h) Byl  Boly) B(D)
therefore
Pdef(Tl,Tg) B EO(TQ) —
T2 —-T - EO(Tl) (F(Tl, TQ) - F(T17T2)>7

and from definition 3.3 follows that

By(Th)
By(T?)

=14+ (T, — V) F(T1, Ty).

The result for the marginal default probability follows directly from taking the limit.
O

The default probability over the interval [T}, Ts] equals the length of the interval times the
spread of the simply compounded forward rates over the interval times discounting with the

defaultable forward rates.
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For small time intervals, the probability of default in [T, T + At] is approximately propor-

tional to the length of the interval with proportionality factor (f(¢,7) — f(¢,T)).

These results highlight two points. First, there is an intimate connection between default
probabilities and credit spreads. A full term structure of credit spreads contains a wealth of
information about the market’s perception of the likelihood of default at each point in time.
The equivalent recovery model has the advantage of making this information more easily
accessible than the fractional recovery model. Unfortunately, to reach this information in
a practical application, a recovery rate c is needed, and the assumption of independence of
defaults and default-free term structure of interest rates must be made. There is a large
degree of uncertainty about recovery rates with variation between 20% and 80%. The
independence assumption will have a smaller effect on the results. This assumption will be

relaxed in the next sections.

The second observation is the reason why processes like Poisson or Cox processes are so well
suited for credit-spread based default modelling. These processes have intensities, and the
probability of jump of a point process with an intensity is approximately proportional to
the length of the time interval considered (for small intervals). The proportionality factor
is the intensity at that point. This property is exactly equivalent to the second equation
in proposition 3.1, and it also gives a link to the model of forward credit spreads in the
previous chapter. But proposition 3.1 is also valid for default models that are not based

on an intensity model.

3.4 Direct Valuation of Credit Risk Derivatives

In this section we begin the pricing of credit derivatives in a framework that is independent

of the specification of the model.

We first concentrate on credit derivatives that can be priced directly off the term structures
of interest rates and defaultable bond prices. Among these, the default digital put option
and the default digital swap will be analysed first, as these products are the simplest
and the pricing of the other products can often be reduced to the pricing of default digital
puts. Next are defaultable floating rate notes'? and the default swap. Finally, intermediate

valuation formulae are derived for credit spread options and options on defaultable bonds.

12G¢trictly speaking the defaultable floating rate note is not a credit derivative. It is included here because
its valuation is closely linked to the valuation of the default swap.
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Assumption 3.4
The following data is needed for all maturities T" > 0:

o the default-free term structure of bond prices
B(0,T)=E [ o ST r(s)ds ]

o the defaultable bond prices

B(0,T)

o the defaultable bond prices under zero recovery
EO(OJ T) =E|e fOT r(s)+A(s)ds ] .

At some points we will assume that the term structures of interest rates and credit spreads

are independent.

The assumptions about the available data are open to criticism. One of the largest diffi-
culties in credit risk modelling is the scarcity of useful data, and only rarely (maybe for
some sovereign issuers) a full term structure of defaultable bond prices is available, the
same applies to survival probabilities or recovery rates. These data problems will have to
be addressed separately, here we just point out that all of the defaultable inputs (recovery
rates, Bo(0,T) or P(0,T)) can also stem from other sources than market prices, e.g. fun-
damental analysis, a different credit risk model or historical data of the same rating class
or industry. The only requirement is that this information is given under the martingale

measure.

The independence of credit spreads and interest rates will yield the survival probabilities
P(0,T)=E [ T s ] = B,(0,T)/B(0,T).

If this assumption is dropped, we need knowledge of the full dynamics of the term structures
of credit spreads, defaults and interest rates. This case will be treated in the following

sections.

Alternatively to giving the defaultable bond prices under zero recovery we can also assume
that an expected recovery rate is given for the equivalent recovery model. As mentioned
in the previous section, it is then straightforward to imply zero-recovery defaultable bond

prices from bond prices that are given under positive recovery.
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3.4.1 Forms of Payment for Default Protection

There are two alternative ways in which prices for credit derivatives can be quoted: Either
the price for the default protection is expressed in terms of an up-front fee D that is payable
at t = 0, or a default protection fee S has to be paid in reqular intervals until a default
has happened. The latter alternative is very popular because of its similarity to swap
contracts, the only difference is that the regular payments end at default. The difference

is the numeraire in which the default protection is priced.

To convert the two representations we observe the following:

The value of receiving S at the times T;,2 = 1,... N until a default is at time O:

N

S Bo(0,Ty),

1=0

and for continuous payment (receiving sdt from Ty until default or Ty) the value at time
0 is
Ty
s/ By(0, t)dt. (3.17)
To

These equations remain valid under correlation of r and .

To find the regular payments S or s that correspond to a given up-front price D we therefore
only have to calculate
D D

= — or § = ———. 3.18
Zﬁio By(0,T;) fTTON By (0,t)dt (3.18)

In the following sections we will therefore only calculate the up-front prices D of the credit

derivatives.

3.4.2 Default Digital Payoffs

The default digital put option has the payoftf 1 at the time of default. The timing is
important because it determines until when the payoff has to be discounted, but we will

consider a simpler specification in a first step:
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3.4.2.1 Payoff at Maturity

As a first example consider an European-style default digital put which pays off 1 at T iff
there has been a default at some time before (or including) 7. Its value is easily found (7
denotes the time of the first default):

D=E [ e it }

=B [E [ 0O oy [ (A6)hoer ||
=K i e~ I T(S)ds<1 e IF )\(s)ds) }

—B(0,T) — E [ o P+ A(s)ds }

=B(0,T) — By(0,T). (3.19)

This follows also directly from the fact that this default digital put replicates the payoft of

a portfolio that is long one default-free bond and short one zero recovery defaultable bond.

3.4.2.2 Payoff at Default

In the case when the payoff takes place at default, the expectation to calculate is
D_E [ o r(s)dsl{T<T} } .
Conditioning on the realization of \ yields
D=B[e 0t oy | =B B[ fr0m1 2] ], (3.20)

Now note that the probability distribution of 7 (given \) is

P[T<T]:1—P[T>T]zl—exp{—/OT)\(s)ds},

so the density of 7 is
t
A(t) exp{— / A(s)ds}. (3.21)
0

Substituting equation (3.21)) into (3.20) yields for the price of the default digital put:

D-E [E [e—~/3r<8>d81{T<T} ‘ /\] }
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T
=FK |: / )\(t)e_ fot A(S)dse_ fot T(S)dsdt :|
0
T , .
= / E |: )\(t)e*fo A(s)dsef Jo r(s)ds ] dt, (322)
0

where we assume sufficient regularity to allow the interchange of expectation and integra-
tion. Under independence of r and A the expectation in the integral in equation (3.22) can

be further simplified to
E A(t)e—-f'-fA(S)dSe—-ftf’(s)ds] = B(0,£)P(0,£)h(0,t) = By(0,£)h(0, ). (3.23)

Here P(0,t) is the survival probability, and h(0,t) is the associated 'forward rate’ of the

spreads of the zero recovery bonds:
P(0,t) = By(0,t)/B(0,t) = E [ o= o A(s)ds }

h(0,t) = —a% In P(0,7)

T=t

Equation (3.23) follows from the well-known fact'® in default-free interest rate theory that
the expectation of the short rate r(7") at time 7" under the T-forward measure is the
T-forward rate f(0,7):

E [r(t)e*féwds = B(0,1)£(0,1).

Here we have a mathematically equivalent situation where the notation is changed such
that P(0,t) are our bond prices, P; is the forward measure, A(t) is the short rate at ¢ and
h(0,t) is the t-forward rate. Using the survival probability P(0, ) as numeraire in a change

of measure it therefore follows that
E [A(t)e—f%(sws] = P(0,0)E" [ A(t) | F] = P(0,£)h(0,1).

Under the equivalent recovery model we know the zero-recovery bond prices
Bo(t,T) = £~ (B(t,T) — ¢B(t,T)), hence under independence

BT 9 (BT)
M6T) =~ 50T - o) a7 <B(t,T)> (3:24)
Bolt, T)h(t, T) = ——B(t, T)(F(1.T) — f(¢,7)) (3.25)

13See e.g. Sandmann and Sondermann (1997)).
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hold, where the defaultable forward rate f(¢,T) is defined using the defaultable bonds with
positive recovery: f(t,T) = —6% InB(t,T).

Putting all together we gain the following representation for the value of a default digital

put with maturity 7"

Proposition 3.2
Consider a default digital put with maturity T and notional value 1. All prices are as seen

from time 0.

(i) If the default digital put is settled at T, its value is
D = B(0,T) — By(0,T).

(ii) If the default digital put is settled at default, its value is
T t t
D= / E [ At)e™ JoX&)ds=Jor(s)ds | gt (3.26)
0

(iii) Assume that r and \ are independent. Then the value of the default digital put with

settlement at default is
T_
D= / Bo(0, )h(0, £)dt. (3.27)
0
(iv) Assume that r and A are independent, and the equivalent recovery rate is c. Then
the price of a default digital put is

1
C1l-—c

D

/0 " B0.0(F0.6) — £(0.1)dt. (3.29)

The expectation in equation (3.26) will be calculated later on.

3.4.2.3 The Default Digital Swap

For the default digital payoff, the swap specification is as follows:

Party A pays 1 at default if there is a default. Party B pays a regular fee
s(t)dt until default.
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If s(t) can be stochastic, the fair fee is the local default intensity A(¢). The intuitive reason
is that A(t) is the local default probability at time ¢, because for small At

E [ 1{TE[t,t+At]} | Ft] ~ A(t)At

If the default protection is re-negotiated for every small time-interval [t,t + dt|, then the
fee should be A(t)dt for this interval.

Mathematically this follows from the fact that fot A(s)1{s<syds is the predictable compen-

sator of 1<, thus the expected values of stochastic integrals w.r.t. either of them are

T T
E |:/ BO,td]-{Tgt} ft:| =E |:/ 60,15/\<t)1{t§7—}dt ’ E:| .
0 0

The Lh.s. of the equation is the discounted payoff of the default-insurance side of the

equal:

swap (receiving 1 at default), the r.h.s. is the premium side of the swap. The expected
discounted values of both sides of the swap are equal. This result is independent of the

maturity of the swap and also valid for correlation between interest rates and defaults.

The previous result required a continuous adaptation of the swap rate. Typically the swap
rate s is a constant that is determined at ¢ = 0 for all future times ¢t < 7. Then from

equation (3.18) and proposition 3.2 follows the fair swap rate for a default digital swap:

Proposition 3.3

Assume that r and )\ are independent.

(i) The fair swap rate for a default digital swap is

Jy Bol0,t)h(0, t)dt (3.29)
" I Bo(0, t)dt '

(ii)) Assume that the equivalent recovery rate is c¢. Then the fair rate of a default digital

swap is

fOT §<07 t) (7<t7 T) - f(t, T))dt
[ B(0,t) —cB(0,t)dt

S =

(3.30)

Remark 3.3

Compare the fair default digital swap rate to the plain vanilla fixed-for-floating swap rate
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in default-free interest rate theory:

_1-B(0,T) _ [, B(0,t)f(0,)dt
B, tydt [T BO,t)dt

(The equality follows from 2B(0,t) = —f(0,t)B(0,t) and integrating.) We see that the
equation for the default digital swap rate has a structure that is very similar to the structure
of the equation for plain fixed-for-floating swap rates. The forward rate f(0,t) in the
default-free case has been replaced by the credit spread h(0,¢) and the default-free bond
prices B(0,t) are replaced by their defaultable counterparts By(0,t). In both cases the
numerator denotes the value of the floating leg of the swap, and the denominator the fixed
leg of the swap, where the floating leg for the default digital swap is the default contingent

payment.

The fact that the default digital swap is terminated at default introduces another difference
to default-free swaps: The fixed leg has to be discounted using defaultable bond prices (By,
the defaultable bond prices for zero recovery). If the swap was not killed at default, the

fixed side would have to be discounted with default-free rates.

3.4.3 Default Swaps
As opposed to a default digital swap which only pays a lump sum at default, a default swap
covers the full loss in default of a defaultable bond. There are two possible specifications:

(a) Replacement of the difference to par: The payoff at the time 7 of default is (using the

equivalent recovery model)
1 —¢B(7,T).

A default swap on a defaultable coupon bond will pay off the difference between the
defaulted coupon bond price and the par value of this bond. (Thus only the principal
is protected.)

(b) Replacement of the difference to an equivalent default-free bond: The payoff is

(1—0¢)B(1,T),

The first variant (replacement of the difference to par) is the more common specification.

Both variations (and the case of a default swap on a defaultable coupon bond) can be
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priced using the results of the previous section using portfolio arguments. For simplicity,
we will first only derive the spot prices for the default insurance components the fair swap

rates follow then directly from equation (3.18).

3.4.3.1 Difference to Par

Consider the portfolio consisting of

o 1 defaultable bond B(0,T)
o 1 default put.

This portfolio has the following payoffs:

1. if the bond survives until 7"
1 at time T
2. if the bond defaults before T"
1 at the default time 7 (combined payoff of defaultable bond and default put).

This payoff profile can be replicated using a portfolio consisting of

o 1 defaultable bond with zero recovery By (0, T)
o 1 default digital put.

Thus, the price of a default put equals:

Ddef put _ EO(Oy T) o E(O, T) + Ddef digital put‘
The zero-recovery bond price By (0,T) was given by assumption, the price of the default
digital put Ddef disital put wag derived in the previous section.

For a default put on a defaultable coupon bond B(0,T) we only need to replace the zero
coupon bonds in the example above with the respective coupon bonds. The first portfolio

becomes

o 1 defaultable coupon bond %(O, T)
o 1 default put on this bond,

and the second portfolio will be

o 1 defaultable coupon bond with zero recovery By (0, T)

o 1 default digital put on the principal amount of this bond.
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Again both portfolios will have identical payoff streams. The price of the zero-recovery de-
faultable coupon bond can be derived from the term structure of zero-recovery defaultable
zero-coupon bonds. Note that the default digital put in the second portfolio is only on the

principal of the coupon bond.

o~

Ddef put _ BQ(O, T) o %(0’ T) + Ddef digital put‘

3.4.3.2 Difference to default-free

If the default put pays off the price difference of the defaulted bond to an equivalent
default-free bond, then the combination of this default put with a defaulted bond yields a
default-free bond. Therefore its price must be the difference between the default-free bond
and the defaultable bond:

Detrut — B(0,T) — B(0,T).

This result is independent of correlation between credit spreads and interest rates or any

assumptions about the recovery rates in default.

3.4.4 Defaultable FRNs and Default Swaps

A default swap on a defaultable floating rate note (FRN) can be used to set up a perfect
hedge even for stochastic recovery rates and correlation between spreads and interest rates.
We use this property to give a characterisation of the default swap rate in terms of the
credit spread of defaultable FRNs.

Assume the following payoffs: The defaultable FRN pays the floating rate r(¢) plus a
constant spread § per time. The default swap rate is s and the default swap pays the loss
to par in default. The default-free FRN pays the floating rate r. Both floaters have a final
payoff of 1. The payoffs are shown in table 1.

If the defaultable FRN trades at par at ¢t = 0, i.e. F(0) = 1 then initially (at ¢t = 0), at

defaults and at ¢ =T we have
defaultable FRN + default swap = default-free FRN.

As both the spread § of the defaultable FRN and the default swap rate s are constant they
must coincide. Therefore

s =s,
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defaultable FRN default swap default-free FRN
Price at t = 0 F(0) 0 1
periodic payments (r(t) + 5)dt —sdt r(t)dt
final payoff at t =T | 1+ (r(t) + 5)dt —sdt 1+ r(t)dt
value at default l1-c c 1

Table 3.1: The Payoffs of defaultable FRN, default swap and default-free FRN.

Assume there is a defaultable FRN that trades at par and that has a coupon spread of §
over the default-free rate r. Then s = 5 is the fair swap rate for a default swap of the same

maturity.

This argument only uses a simple comparison of payoff schedules, it does not use any
assumptions about the dynamics and distribution of default-free interest rates or credit
spreads or about the recovery rates. If the FRNs only pay coupons at discrete time interval
this relationship is only approximately valid, with an exact fit at the coupon dates because
only then the default-free FRN is worth exactly 1.

3.4.5 Credit Spread Forwards

A credit spread forward is a contract to exchange at a future time T, against a fixed
credit spread 5, the credit spread that a defaultable bond B(7},T,) had over an equivalent
default-free bond B(7},T5) at time 7). Thus the spread is fixed at 77 and exchanged at
T,. The payoff function is

1/B(T\,Ty) —1 1/B(Ty,Ty) — 1
T2 — T1 T2 - Tl

5 at T (3.31)

The credit spread forward is the adaptation of a classical forward rate agreement (FRA)
to credit spreads. Here the defaultable simply compounded interest rate is defined using
defaultable bond prices with positive recovery (and not zero recovery as in definition 3.3).
If a default has happened before T7 and the defaulted bond is used for the calculation, the
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defaultable rate in equation (3.31) will become very large thus yielding a very high payoff

to the receiver of the credit spread.

It should be noted that the classical replication portfolio for a FRA cannot be used to
replicate the defaultable rate 7—7(1 /B(T1,Ty) — 1). The classical replication portfolio is:

e Invest § B(¢,71) in B(t,T1) at t (to get 1 of these bonds).

e Payoff at Ty is $ 1.

e Invest $1 in B(T1,T») at Ty (to get 1/B(T},T5) of these bonds).
e Payoff at Ty is 1/B(T1,T3).

This strategy will replicate 1/B(T},Ts) at Ty. To replicate —1 at T, we need to short one
zero bond B(t,Ty) with maturity 75, and for the factor 1/(75 — T1) the whole strategy has
to be done 1/(Ty — T1) times. If this strategy is attempted with defaultable bonds B(t,T)
it will fail if defaults happen before T7.

The payoff 1/B(T1,Ty) at Ty is unaffected by defaults in [T}, T5], thus one needs to invest
in 1/B(Ty,Ty) default free bonds B(Ty,T5) at Ty to replicate 1/B(Ty, Ty) at Ty. This will
cost B(Ty,Ty)/B(Ty,T5) at Ty. The payoff of the credit spread forward is thus equivalent

to

1 (B(TI,TQ)
T2 - Tl F(Tl, TQ)

The key term for the pricing of the credit spread forward is

B(T, Ty) }
B(Ty,T5)

B(Ty,T5)

1
(Tl, Tz) 1{7’>T1} + ﬁTl El{TSTl} 3 (333>

B [ B, [ o S T2)

under the equivalent recovery model. Using the Cox process properties of the default event

equation (3.33) is readily simplified to

e ftT1 r(S)Jr)\(S)dsM

1 —
BT +-(B(t, 1) = Bo(t, T1)).  (3:34)

[ﬁTIB(Tl,TQ) 1 E

B(T,T)

Summing up, under the equivalent recovery model the value of a credit spread forward

agreement can be written as

DOSF _ = 1 T o= Ji ()N S)ds—B(Tl’TQ) (3.35)
2 — 41 B(TI, TQ)
L Y- Ben) - Be,1) - 5B, T). (3.36)

* T2 T1 2
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The fair forward credit spread rate s for the credit spread forward is thus

5= ! (E

e ftT1 r(s)+A(s)ds M
B(t7 T2)<T2 - T1)

B(Ty,T3)

+ l((l — A)B(t,Ty) — B(t,T1))).

c2

Under the fractional recovery model the key term (3.33) for the pricing of the credit spread

forward resolves to

BT)] .|, B@.D)
. {ﬁﬂE(Tth) ] - BTlQ(TI)E(Tl,TQ)

_ g | a6 s BT, T2)

B(T1,T3)

(3.37)

In the step to equation (3.37) we used the following derivation of the expectation of Q(T7)!,

which is also an application of the Cox process properties of NV for multiple jumps:

E [ﬁ ’A(t)t > 0} _ 2(1 — Q)P N(T) = n |A#)¢ > 0]
=30 ([ At e
= e Jo Me)ds i% (%_q /0 ' A(s)ds>n

— o5 Jo Ms)ds

3.4.6 Credit Spread Put Options

Definition 3.4
A Credit Spread Put on a defaultable bond B(t,T;) with maturity T} < T, and strike
spread § gives the holder the right to sell the defaultable bond at time T at a price that

corresponds to a yield spread of § above the yield of an (otherwise identical) default-free
bond B(Ty,T3).

Define the exchange ratio S := e~*(">=T1)  Then the credit spread put entitles the holder

to exchange one defaultable bond B(Ty,T5) for S default-free bonds B(Ty,T5) at time T}.
The payoff function is:
(SB(Ty,Ty) — B(T1, Ty)) ™. (3.38)
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Depending on the specification the option can either survive a default or be knocked out by
it. In the first case the payoff is conditioned on the full defaultable bond price B(T},T5),
and the default risk is borne by the writer of the security. The holder of the security
is protected by the contract against any losses worse than a final credit spread of § and
against all defaults but not against interest rate risk. The exchange option is therefore well
suited to lay off most of the credit exposure in the underlying instrument while keeping
some limited exposure to the credit spread of the underlying. We assume that the strike
spread s is small enough (or the loss in default large enough) to ensure exercise of the

option after a default.

Lemma 3.4

The price of the credit spread put is given by the following expectation:

Dt g |: - ftTl r(s)+)\(s)dsB(T1’ TQ)(S o ﬁ(Tla T2))+ ‘ ﬂ]
+ SB(t,Ty) — B(t,T)
_E [ e~ TR BT 1Y) (S — P(T),Ty)) ’ ft} . (3.39)

The price of the credit spread put with knockout at default is given by

D, =E [e_ftTl NS BT Ty)(§ — P(Th, Ty))* ‘ 7—}} . (3.40)

Although equations (3.39) and (3.40) do not represent a closed-form solution yet, they
have several uses: Firstly, the problem is now accessible to the standard techniques of
interest-rate theory. In the next section we will apply these techniques to derive full
closed form solutions. Secondly, a numerical solution of equations (3.39) and (3.40) is
feasible, again with standard techniques. In a Monte-Carlo simulation the elimination
of the indicator functions 1{;~7} will speed up convergence significantly'®, Finally, the
analytical techniques can be also used as a pre-processing step for more complex problems

(e.g. coupon bond options), before a numerical solution is attempted.

The credit spread put option price in equation (3.39) can be decomposed in two parts: A
spread protection part (the first line) and a default protection part (the second and third

lines). If the option is knocked out at default only the spread protection part remains.

1 The speed of convergence without default indicators is about 100 times faster than direct simulation.
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Proof: The expectation to evaluate is (assuming no defaults so far Q(t) = 1)

Dy =E [ B, (SB(T1,Ty) — B(T\, T))" | F]
—E [ 1oy un (BT, T)S - BT 1) | 7
+E [ Lir<ryBem (B(Th, 1) S — Q(Th)B (T17T2 )" ‘ ]:t] ;
where we split up the payoff in the case without intermediate default (1(;~7,}) and the case

with intermediate default (1-<p}). If there has been an intermediate default, we assumed

that the option will be exercised and we omit the maximum sign for that event:

—E | Lor) Aun, (B(D, T2)S - B(R, 1) | 7|

+E [ Lper) b (B, T)S - Q)BT T) | 7]

and then substitute 1;<7y =1 — 17>7y} to reach

=E [ 1omyBun (B(Th, T2)S — B(Th, T)) ‘ t]
+E[ B (BT T)S - QM)B(T, 1)) | 7]
B[ 1o Bun (BT TS — Q)BT T) | 7]
=E [ Liromyy B (B(T1, T3)S — B(T1, Tp)) ‘ J:t]
+ B(t,T3)S — B(T1, Ty)
—E [ 1pory fun (B, T)5 - B, T) | 7]
In the last line we used the fact that 1;573Q(T1) = 1757}, the indicator function of no

default until 77’ switches off the 'influences Q(77) of default until 77",

Next we have to eliminate the indicator functions from the expectations. This is done by
conditioning on the realisation of A\ and using the Cox process properties of the default
triggering process. Using B(Ty,Ty) = B(Ty, Ty)P(T}, Tp) this yields:

E | 1romyBin B(T1, T2)(S — P(T1,T»))* ‘ ft}

=E E ]‘{T>T1}ﬂt,TlB(T1’T2)(g o ﬁ(Tl’Tz))+ ’)\} ‘ }_t}

_E aﬁ“wm@ﬂBaLnxg—ﬁaLn»+‘ﬂ].



3. The Pricing of Credit Risk Derivatives 90

The second expectation is treated similarly to reach equation (3.39).

3.4.7 Put Options on Defaultable Bonds

The credit risk derivatives considered so far conditioned on the spread of the defaultable
bond over a default-free bond, but the reference to a default-free bond is not necessary,
we can also consider derivatives on the defaultable bond alone, e.g. a Put or call on a
defaultable bond. Again we consider the cases when the Put covers default losses, and
when it is killed at default.

Definition 3.5
A European put with maturity Ty and strike K on a defaultable bond B(t,Ty) pays off

(K —B(Th, T»))*. (3.41)
If the put is knocked out at default the payoff is

1gory (K — B(Ty,Ty))*. (3.42)

This derivative protects the buyer against all risks: Interest rates, credit spreads or defaults
that could move the defaultable bond price below K. Assuming exercise of the option in

default we reach:

Lemma 3.5

The price of the Put option on a defaultable bond is

Dy =E [e_ftTl RO~ B(Ty, T)) ‘ ]:t]
+B(t,T)K — B(t,T»)
_E [ e~ [ TR ([0 BTy Ty)) ‘ ﬂ] . (3.43)

If the option is knocked out at default its price is

D, =E [e— SN () BTy Ty)) ‘ ft} . (3.44)

Proof: Replace SB(T},T) with KB(Ty,T;) = K in lemma 3.4. Then the proof carries
through exactly as the proof to lemma 3.4.
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O

Like the credit spread put option the plain put option can be decomposed in a default
protection component and a price protection component. If the option is knocked out at

default it has only the value of the price protection component.

It is important to note that the value of this option is not the value of an European Put on
a bond in a world where the short rate is 7 = r 4+ gA. (One might be lead to this view by
the simple representation (3.10) of the defaultable bond prices.) This view would ignore

the large jumps the bond price makes at defaults and only price the spread component.

To illustrate this point, we introduce a new security with the following payoff function

under the fractional recovery model:
Q(Ty)(K — B(Ty, Ty))*. (3.45)

At each default the face value of the defaultable bond is reduced by a factor 1 — ¢. This
payoff function is also reduced by the same factor, such that this option always covers
exactly one defaultable bond, the size of the protection is adjusted to the ’size’ (=face

value) of the security. Again very similarly to (3.39) we reach the expectation
o[-ty | 7]

which is exactly identical to the expectation that has to be evaluated to price a put option
on a zero coupon bond in a world where 7 = r 4 g is the riskless short rate. Unfortunately
the specification of this payoff function heavily uses the fractional recovery model as input,
specifically it conditions on loss quota (@) and loss-quota adjusted price B separately.
In real-world applications it would be impossible to separate these two quantities in a

meaningful way, therefore the payoff function (3.45) remains an academic example.

3.5 Models

In the previous section we could derive some pricing formulae for credit derivatives without
having to specify the dynamics we assume for credit spreads and interest rates. This was

done by assuming independence of the realisations of r and .

For the pricing of credit derivatives with option features and to allow for correlation between

r and A we need a full specification of the dynamics of the default-free interest rate r and
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the intensity of the default process A. A suitable specification should have the following

properties:

e Both r and \ are stochastic. Stochastic default-free interest rates are indispensable for
fixed-income analysis, and a stochastic default intensity is required to reach stochastic

credit spreads which is necessary for meaningful prices for credit spread options.

e The dynamics of r and A are rich enough to allow for a realistic description of the real-
world prices. Duffie and Singleton (1997) and Duffee (1995) come to the conclusion

that in many cases a multifactor model for the credit spreads is necessary.

e There should be scope to include correlation between credit spreads and default-free

interest rates.

e [t is desirable to have interest rates and credit spreads that remain positive at all
times. Although negative credit spreads or interest rates represent an arbitrage op-
portunity, relaxing this requirement in favour of a Gaussian specification is still ac-
ceptable because of the analytical tractability that is gained. The Gaussian speci-
fication should then be viewed as a local approximation to the real-word dynamics
rather than as a fully closed model. Furthermore, many important effects are more

easily understood in the Gaussian setup.

Therefore we chose two alternative setups:

1. A multifactor Gaussian setup. Here there is the possibility of reaching negative credit
spreads and interest rates with positive probability, but a high degree of analytical
tractability is retained and the full term structures of bond prices and volatilities can
be specified.

2. A multifactor Cox Ingersoll Ross (CIR) (19850) setup, following mainly Jamshidian
(1996)).*°| This model setup gives us the required properties while still retaining a large
degree of analytical tractability. Furthermore, models of credit spreads of the CIR
square-root type have been estimated by Duffie and Singleton (1997)) and Duffee (1995).

Both specifications use the fractional recovery model, but most the results can be trans-
ferred to the equivalent recovery model: By assuming full loss in default ¢ = 1, the
specification can be viewed as a specification of the dynamics of zero-recovery default-

able bond prices By(t,7). Combining these dynamics of the zero-recovery defaultable

5Related models can also be found in Jamshidian (1987;/1995), Duffie and Kan (1996), Chen and Scott
(1995)) and Longstaff and Schwartz (1992]).
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bond prices with an assumption on the equivalent recovery rate ¢ will yield a specifica-

tion in terms of the equivalent recovery model where defaultable bond prices are given by

B(t,T)=cB(t,T)+ (1 —¢)B(t,T).

3.6 The Multifactor Gaussian Model

In this section we present the setup of the Gaussian specification of the fractional recovery
model. This specification is problematic as it allows credit spreads and interest rates to
become negative with positive probability. This problem is well known from default-free
Gaussian interest-rate models and it is partly compensated by the analytical tractability
gained, provided the probability of these events remains low. This setup should therefore
be viewed as an approximation to more realistic models of credit spread and interest rates,

and despite this drawback it will yield some valuable insights.

Assumption 3.5

The following asset price dynamics under the martingale measure are given:

e default-free bond prices B(t,T)
T
dBt.T) _ r(t)dt + a(t, T)dW,

e and defaultable bond prices B(t,T) = Q(t)B(t,T)

dQ(t) = —Q(t—)qdN(t)
dB(t,T) . .
BT = (r(t) + g\(t))dt + a(t, T)dW.

The Brownian motion dW is d-dimensional, the volatilities a(t,T) and a(t,T) are d-
dimensional deterministic functions of time t and time to maturity T only, and at t = 0
there has been no default: 7> 0 and Q(0) = 1 and B(0,T) = B(0,T).

This specification is equivalent to a Gaussian HJM model with the following forward rate

volatilities for the bond prices:

o(t,T) = —a%a(t,T) ao(t,T) = —%E(t,T}
o"(t,T) = —a%(a(t, T)—a(t,T)).
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This setup can be used to model any degree of correlation and de-correlation that is desired.

Multiplication of the volatilities is defined by the scalar product in R?: aa = Zle a;a;.

3.7 Credit Derivatives in the Gaussian Model

3.7.1 Implied Survival Probabilities

In the Gaussian setup we can derive the implied survival probability from ¢ to T in closed

form. Given 7 > t the survival probability is defined as:

P(t,T) =B | e I | 7]
Lemma 3.6
The dynamics of the survival probabilities are
dP(t,T)
——= = \t)dt + aP(t, T)dW 3.46
BT = Mbdt+ e ) (3.46)
1
d’(t,T)=—(a(t,T) —a(t,T)), (3.47)
q

and the initial values P(0,T) are given by:

P(0,T) = (%)3

{5 [ @ T) ~als D)+ Qats ) - (1= guats s | (@49

2q?
or

P(0,T) = @Eg_:;;)é

exp {—% /OT al(s,T[a(s, T) +a(s,T) — aP(s, T)]ds} : (3.49)

Proof: See appendix|A.1 on page 113.
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For zero recovery (full loss ¢ = 1 in default) equation (3.48) reduces to

B(0,T)

PO.T) = B(0,T)

exp{—/0 a’(s,T)a(s,T)ds}. (3.50)

Under independence of credit spreads and interest rates the implied survival probability
B(0,T)

would further reduce to B0.T)

as it was given in section 3.3.5. Hence the factor

e fOT aP(s,T)a(s,T)ds

represents the influence of correlation between spreads and interest rates on the implied

default probabilities. There is an intuitive explanation of the direction of the effect:

If interest rates and credit spreads are positively correlated (a’a > 0) this means that
defaults are slightly more likely in states of nature when interest rates are high. Because
of the higher interest rates these states are discounted more strongly when they enter the
price of the defaultable bond, and conversely states with low interest rates enter with
less discounting and simultaneously fewer defaults. To reach a given price for a defaultable
bond, the absolute default likelihood must therefore be higher. This implies a lower survival
probability which is also what equation (3.50) yields for a’Pa > 0. The argument runs

conversely for negative correlation afa < 0.

3.7.2 The Survival Contingent Measure

The following lemma describes the change of measure that is necessary to value survival

contingent payoffs in this framework.

Lemma 3.7
Let X > 0 be a Fp-measurable random variable and ™ > t. In the Gaussian model

framework, the time t value of receiving X at T given no default has happened before T is
EQ [ﬁt,Tl{T>T}X ‘ -,'E;E} = E()(tv T>EPS [ X | ft] ) (351)
where

By(t,T) = B(t,T)P(t,T) exp{/t af(s,T)a(s,T)ds} (3.52)

_ (%) % exp {12—_qq /tT(E(s,T) - a(s,T))st} | (3.53)
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The measure Ps is called the survival contingent measure. It is defined by the Radon-
Nikodym density
dPsp = MpdQr (3.54)

where dPsp = dPs| Fr and dQ; = dQ| Fr, and

M,=¢& (/ (aP(s,T) + a(s,T))dWs) , u >t (3.55)
t
The QQ-Brownian motion W, is transformed into a Ps-Brownian motion via

dW, = dWEs + (a?(s,T) + a(s, T))ds. (3.56)

Proof: See appendix |A.2 on page 115.
O

If the survival contingent measure is known, the valuation of the payoff X can be decoupled
from the default valuation which is represented by By(t,T). The numeraire used in this

change of measure is
E [ e jtT r(s)+A(s)ds

9

which is almost exactly the price of a zero-recovery defaultable bond:

By(t,T) = 1>y E [6_ S r(s)+A(s)ds

For no previous defaults (7 > t) both expressions coincide. In equations (3.52) and (3.53)
the lemma also gives the value of a zero-recovery defaultable bond with maturity 7" in the

fractional recovery setup.

Using lemma 3.6/ we can now derive the values of some credit derivatives that were intro-

duced in section 13.2.

3.7.3 Default Digital Payoffs

The price for a default digital put is according to equation (3.22)
T t t
D = / E |: )\(t)e’ Jo A(S)dsef Jor(s)ds ] dt.
0

The resulting price for the default digital put is:
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Proposition 3.8
The price of a default digital put with maturity 1" and payoff 1 at default is in the multi-

factor Gaussian model framework

T , ¢
D :/ P(0,t)B(0, t)elo als:t)a? (s:0)ds [)\(O,t) +/ a(s,t)ap(s,t)ds] dt (3.57)
0 0
where \(0,t) := —£ In P(0,t) and 0”(s,t) := —2aP(s,t) are given in lemma 3.6.

Proof: See appendix |A.3 on page 115.

3.7.4 The Credit Spread Put

Proposition 3.9
The price of the Credit Spread Component of the Credit Spread Put is given by:

C%P =N(dy) S B(t,Ty) P(t,T) exp{/T1 a(s, To)a’(s,Ty)ds}
~ N(dy) B(t,Ty) (P(, 7)) exp{ /t (1= q)aP(s, ) (@(s, To) — %qap(s, T)))ds)

where

K+F+31V
dlzT

The other parameters are:

and d2:d1—\/v.

B(t,Ty) | B(t,Ty)

B, T)) " B(t.Ty)

F= /t | qa? (s, ) [a(s, To) — a(s, Th) — (1 — q)(a?(t, T») — a”(¢,T1))] ds

K=InS+In

T
V = / q2(ap(s,T2) — ap(s,Tl))2 ds.
¢

Proof: See appendix|A.4 on page 117.
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The parameters of this pricing formula have a number of similarities to classical Black-
Scholes option prices.

The parameter K is similar to the logarithm of ‘share/strike’ as it is found in the exchange
option. Here we have the ratio of 'forward spread’ and strike spread instead but the
function is the same.

The parameter V' gives the 'volatility’ of the payoff. Here it is the volatility of the forward
credit spread over the interval [T7, T3).

F is a correlation parameter. Under zero recovery (¢ = 1) it reduces to zero if the volatilities
of spreads a? and default-free bond prices a generate independent dynamics.

Finally, the form of the representation of the points d;, ds, at which the normal distribution

is evaluated, are similar to the classical Black-Scholes parameters.

The similarities to the classical Black-Scholes formula are not surprising if one bears in mind
that — given that no default happens — under the multifactor Gaussian setup defaultable

and default free bond prices are lognormally distributed.

For completeness we also give the price of the default-protection component of the credit

spread put:

Proposition 3.10
The price of the default protection component of the credit spread put is given by

C4r =5 B(t,T5)(1 — P(t,T))e™) — B(t,Ty)(1 — (P(t,Tl)eH)lq)
where

T
el = exp{/ a(s,Ty)aP(s,Ty)ds}.
t

The default protection component of the credit spread put gives the holder the right to
put a defaulted bond B(t,T5) to the seller of the option at the price of S default-free bonds
B(t,Ty). If S is close to 1 this protection can be approximated by a default swap.
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3.7.5 The Put on a Defaultable Bond

Proposition 3.11
The price of a European put option with strike S, expiry T) and knockout at default on a
defaultable bond B(t,Ty) is (under the fractional recovery model)

CP" = SBy(t, T1)N(d,)

— B(t, To)P(t, T1)"“exp{(1 — q)/t 1 al(s,Th)(a(s, Tz) — %qap(s, Ty))ds } N (dy)

where

d_K+F1+%V d_K+Fz—%V
b VvV L VvV
SB(t,T)

B(t,T5)

F, = _/t 1(6(3,T2) +a(s, 1)+ daP(s,T1))(a(s, Ty) — a(s,T1))ds
Fy =F) + q/t l(a(s,TQ) —a(s, T1))aP (s, Ty )ds

V:/t \(@(s,T) — (s, T1))2ds.

Proof: See appendix |A.5 on page 121.
([

Under the equivalent recovery model the put option on a defaultable bond is equivalent
to a put option on a portfolio consisting of ¢ default-free bonds B(t,Ty) and (1 — ¢) de-
faultable bonds with zero recovery By(t,T3). In this case the valuation of the option will
become much more difficult and either approximations or numerical methods will have to

be employed.

3.8 The Multifactor CIR Model

The multifactor CIR model is set up as follows:

Assumption 3.6

Interest rates and default intensities are driven by n independent factors x;, 1 = 1,...,n
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with dynamics of the CIR square-root type:

The coefficients satisfy o; > %03 to ensure strict positivity of the factors.

The default-free short rate r and the default intensity \ are positive linear combinations

of the factors x; with weights w; > 0 and w;, (0 <1 < n) respectively:
r(t) = wi(t). (3.59)
i=1

A(t) = Zwixi(t). (3.60)

With all coefficients w; > 0 and w; > 0 nonnegative we have ensured that » > 0 and
A > 0 almost surely. Unfortunately this specification can only generate positive correlation
between r and . If negative correlation is needed one could define modified factors z; that
are negatively correlated to the z; by dr} = (o — Bz})dt — o;1/xLdW; (note the minus
in front of the Brownian motion). This would complicate the analysis. Alternatively one

could restrict the specification to a squared Gaussian model.

Typically only the first m < n factors would describe the default-free term structure
(i.e. w; = 0 for i > m), and the full set of state variables would be used to describe the
spreads. The additional n—m factors for the spreads ensure that the dynamics of the credit
spreads have components that are independent of the default-free interest rate dynamics.
The simplest example would be independence between r and A\, where r = z; and A\ = x4:

one factor driving each rate,

n=>2 m =
w1:1 U)QZO

wy =0 wy = 1.
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3.8.1 Bond Prices

For a linear multiple cx; (¢ > 0 is a positive constant) of the factor z; the following equation

gives the corresponding ‘bond price’ (see CIR (1985b))):

T
E [exp{—/ cxi(s)ds} ‘ ftl = Hy(T —t, ¢)e” H2i(T—te)ea (3.61)
t
where

1 20&2'/0'2

277:65('71'4’62’)(717& ’
Hy(T -t c)= 3.62
1 ( C) (% + /Bi)(efyi(Tft) _ 1) + 2% ( )

2(ei(T=t) _ 1

Hoi(T —t,c) = (e ) (3.63)

(i + B) (€770 = 1) + 2
Vi =/ BF + 2co}. (3.64)

The default-free bond prices are given by

B(t,T)=E [e’ S r(s)ds

H e ftT w;x;(s)ds

7

th:| =E |: efzi ftT w;z;(s)ds

]-"t]
Fi ] = H E [ e~ ST wiai(s)ds

because the factors are independent. The bond price is thus a product of one-factor bond

=E

7]

prices

B(t,T) = [[ HiT — t,w;)e= 2T twwiralt) (3.65)

Similarly, the defaultable bond prices under fractional recovery are given by:

E(t7 T) = Q(t) H Hyi(T — ¢, w; + qwi)6—H2z'(T—t,wi+qﬁi)(wi+qﬁi)$i7 (3.66)
=1

because of B(t,T) = Q(t)E [exp{— ftT r(s) + gA(s)ds} ’ ]:t}, zero recovery bond prices
can be derived from (3.66) by setting ¢ = 1.
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3.8.2  Affine Combinations of Independent Non-Central Chi-Squared Distributed
Random Variables

The mathematical tools for the analysis of the model have been provided by Jamshidian
(1996), who used them to price interest-rate derivatives in a default-free interest rate
environment. Of these tools we need the expressions for the evaluation of the expectations
that will arise in the pricing equations, and the methodology of a change of measure to

remove discount factors from these expectations.

First the distribution function of an affine combination of noncentral chi-squared random
variables is presented. Most of the following expressions are based upon this distribution
function. Then we consider the expressions for the expectations of noncentral chi-squared
random variables, and finally the change-of-measure technique that has to be applied in

this context.

Definition 3.6
Let z;, 1 < i < n ben independent, noncentral chi-square distributed random variables

with v; degrees of freedom and noncentrality parameter' Ai.

Let Y be an affine combination of the random variables z;, 1 < i < n with weights n; and

offset €:

Y =¢+ Z 0iZi. (3.67)
i=1

We call Y a Affine combination of Noncentral Chi-squared random variables (ANC) and

denote its distribution function with x?:

PlY <yl=:xi(y; v, \ne),

where n, v and \ are vectors giving weight, degrees of freedom and noncentrality of the z;,

and for e = 0 we will omit the last argument®’|

The evaluation of this distribution function can be efficiently implemented via a fast Fourier
transform of its characteristic function (see e.g. Chen and Scott (1992)). Alternatively,

Jamshidian gives the following formula (which is basically the transform integral of the

16The noncentrality parameter X is not to be confused with the intensity A of the defaults.
17This is justified by equation (3.71).
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characteristic function for n > —3):

i = ~ - d
X*(y; v, A, n,0) = ! +%/0 ‘1’(;%252772) sin(&y — (v, A, €n)) <

- (3.68)

T2

where ¥(v, \,n) = E [ &7 ] will be given in equation (3.72) and

n

3 Vi YiAi
O(v, N\, y) = Z <§ arctan(27y;) + T 472> .

i=1

The integral in (3.68) is numerically well-behaved in that the limit of the integrand as
¢ — 0 is finite and the integrand is absolutely integrable. Using equation (3.71) this can
be extended for the case of € # 0.

One advantage of this setup is that — although we are working with a n-factor model —
most valuation problems can be reduced to the evaluation of this one-dimensional integral.
The evaluation of the noncentral chi-squared distribution function which one encounters
in the one-factor case, also requires a numerical approximation, the implementation effort
of the multifactor model therefore does not seem to be very much higher than the effort

required for a model with one independent factor each for interest rates and spreads.

The following lemma by Jamshidian (1996)) provides most of the expressions we need:

Lemma 3.12
Let Y and Y' be ANC distributed with the same z;, but Y with weights n and offset e,
and Y' ANC with weights ' and offset €.

Y ~ XrQL( U, )‘a m, 6)7 Y ~ X72’L( Y 5‘7 77/7 6/)' (369>

Let y be a constant. Then

the expectation of Y is:
E[Y]=c+ ) mhi+w), (3.70)
i=1

the distribution of Y is:

PY <yl=xi(y—e v,\n), (3.71)
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the expectation of e™Y is:

n

- - 1 77.5\.
E Y — € - o 17\ 79
L = g eXp{ 1+2m} (3.72)

the value of a call option on e~ with strike eV is:

A 77
E =Y _ _—y\+ :E -Y 2 .
[(6 € ) ] [6 }X” Y E’V’1+277’1_|_2n
—e Xi(y — &V, S\a 77) (373)
the value of an exchange option on e and e is:
E (e*Y—e*Y/ﬁ} :E[e*Y} Y€ —ev A n—1f
n 1420 1+ 2n
Ly A o=
—E[ Y} 2 (¢ — e, , . 3.74
S A R IR Al s (3:74)

Proof: The expectation (3.70) and the moment generating function (3.72) are well-known
(see e.g. Johnson and Kotz (1970))), the statement (3.71)) follows directly from the definition
of the probability distribution function. For a proof of (3.73) and (3.74) see Jamshidian
(1996)).

O

3.8.3 Factor Distributions

As observed by CIR (1985a; [1985b)), the square-root dynamics of the factors z; give rise to

noncentral chi-square distributed final values.

Lemma 3.13
Let x be given by
dr = (o — Bx)dt + o/zdW. (3.75)

Then z(T') given x(t) is ANC distributed with weight

2

g
— (1 — BTt
7 45( e )
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and noncentrality A and degrees of freedom v

- 4Be—B(T—1) 4
A = o) 0e y=—

o2(1 — e=BT-) o2

The distribution of the factors z;(T") remains of the ANC type even under a change of
measure to a T-forward measure. This change of measure will be necessary to eliminate
discounting with the factors later on, it is defined in lemma 3.14 which is Girsanov’s theorem
(points (i) and (ii)) combined with a slight extension of results by Jamshidian (1987; 1996])
(poins (iii) and (iv)).

Lemma 3.14

Let x follow a CIR-type square-root process under the measure P:
dr = (a — fx)dt + ov/z dW, (3.76)

such that z = 0 is an unattainable boundary (a > $0?) and let ¢ > 0 be a positive real

number.

(i) Then there is an equivalent probability measure P,, whose restriction on F; has the

following Radon-Nikodym density w.r.t. P

% =Z(t) =& (— /t o(s)er/(s) Hau (T = s, c)dW(S)> :

0

and under which the process W¢
AW, = dW¢ — Hyo(T — t, ¢)co/zdt.

is a P.-Brownian motion.

(ii) Expectations under P are transformed to expectations under P, via
BY [ WO @(T) | ] = Gl 6 TR [F@m) | £] @77
where

Gt T,e) =B | e el

Fo| = HyoT = t,cpe eTtes, (3.78)
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(iii) Under P, the process = has the dynamics
dr = [a — (B4 Hao(T — t, ¢)co?)x]dt + on/x AW, (3.79)

and z(T) given x(t) is ANC distributed under P, with weight 1y

2
nr = %HQI(T —t,0) (3.80)

and vy degrees of freedom and noncentrality parameter Ap:

4o
~ 4 iIJQx(j-' —1 C)
Ap =2 ~—x(1). 3.82
Ly s A (3:82)
(iv) The dynamics of the other factors are unaffected.
Proof: See appendix B.1
O

The lemma also holds for time-dependent parameters with «(t)/c?(¢) > 1/2, but here we

only need the time-independent case.

The change of measure to PZ removes the discounting with e Jo c@(®)dt while changing the
distribution of z(7") to a ANC distribution with parameters given in equations (3.80) to
(3.82).

3.9 Credit Derivatives in the CIR Model

Using the results from section 3.8 we are now able to give solutions for the general pricing

formulae for credit derivatives that were derived in section 13.4.

3.9.1 Default Digital Payoffs

In section 3.4.2 the price for a default digital put was given in equation (3.22) as

T
D =/ E [ )\(t)efféx\(S)dseffgr(s)ds ] di.
0
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The resulting price for the default digital put is:

Proposition 3.15
The price of a default digital put with maturity T and payoff 1 at default is in the CIR

model framework

D= / B [A(t)e’ Jo Ms)ds o= Joris)ds | gy (3.83)
0
- / ' (imwi + ;) (i Hoi (1, w; + ;) + aH?"(t’(;;’i +wi)aui(o») - Bio(0,t)dt.
0 P i
1 B (3.84)
where for 1 < 7 <mn
Bjo(0,t) = Hyj(t, w; + w;)e 2w t) (wi+ig)z; (3.85)

Proof: See appendix B.2/ on page |126.

3.9.2 Credit Derivatives with Option Features

Using the results of lemma 3.4/ we can derive the price of a credit spread put option in the

CIR framework. Here, according to equation (3.40), we have to evaluate
D, =E [e— &N BTy Ty)(§ — P(Ty, To))* ( ft} .

The result is given in the following proposition:

Proposition 3.16
(i) The price of a credit spread option with maturity T}, strike spread s and knockout
at default on a defaultable zero coupon bond with maturity Ts is (in the CIR model

specification)

_ A —
DP = By(t, Tv) {E (e ] X2 (e’ — €, T )

1+2n 1+ 2n

v A on—1
—E[ Y} 2 (¢ _ e, : . 3.86
€ Xn | € €V1+277/ 1+277/ ( )
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(ii) The price of a put option with maturity T}, strike S = e~¥ and knockout at default on

a defaultable zero coupon bond with maturity Ts is (in the CIR model specification)

D" = By(t,Ty) {e_y Xs (6, — v\, —77,>
, A '
_E|:6_Yi|X727, E/_ﬁU;Va y 7 .
1+ 21 1+ 21

The variables in these formulae are:

Y ~ X200, A5, €)
Y ~ (v A, €)
404,‘
N' _ 48%H21(T1 — t,wi + m)
" 0lHy(Th — t w4 W)

Vi

i(t)
€ = —IDS - ZlnHli(TZ - Tl,wi)
i=1

2

U Zzwi(wi +w;) Hyi(Ty — Th, wi) Hai(Th — ¢, w; + 05)
6/ = — ZlnHli(TQ — Tl,wi —+ q@l)
i=1
2

g:=
;= Zz(wz + ;) (wi + q;) Hai (T — T, wi + qw;) Hay(Ty — T, w; + ;)

and E [ e Y } is defined in equation (3.72).

Proof: See appendix B.3 on page 128

(3.87)

(3.93)

(3.94)

(3.95)

O

In these pricing formulae there are negative signs in front of the last arguments of the

ANC distribution function x2(-). This is not a problem because x2(-) is well-defined as

long as these parameters are still larger than —%. For practical applications this is usually

the case, because the 7; and 7. contain a factor in ¢? (which is very small) and the other

factors in n; and 7, are not large for a realistic specification.
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3.10 Conclusion

In this chapter we demonstrated the Cox process approach to the pricing of credit risk
derivatives, and some closed form solutions were given for the case of a multifactor CIR-

specification of the credit spread and interest rate dynamics.

The Cox process modelling approach derives its tractability from the fact that the pricing

of derivatives can be done in stages:

First, by conditioning on the realisation of the intensity process A the pricing problem
can be reduced to the fairly straightforward case of inhomogeneous Poisson processes, for
which most expected values are easily calculated. Thus the explicit reference to default
events can be eliminated and replaced by expressions in the intensity of the default process.
After this stage the methods of default-free interest rate theory can be applied, because

the reference to jump processes has disappeared.

We used specifically the change of measure technique in several dimensions to remove
discount factors of the form exp — fOT g(s)ds where g is an ’interest-rate like’ process, and
then some well-known properties of the final distributions of the factor processes. In most

cases we needed to change the measure to remove the discount factor

o S+ dt

which typically arose from expectations of the form
E [ e Jo r(t)dtl{T>T}X } - E [ o= Jo T+t ’

i.e. survival contingent payoffs. The resulting measure can be termed a survival contingent

measure.

The change of measure after the elimination of the default indicator function makes sure
that the new measure remains equivalent to the original martingale measure. Simply taking
a defaultable bond as numeraire would mean that this property is lost, and the change of
measure would become much more complicated because the price path of a defaultable

bond can be discontinuous.

Even when no closed form solutions are available the conditioning technique is still very
useful as pre-processing procedure for a subsequent numerical solution of the pricing equa-

tion. Especially Monte Carlo methods are notoriously slow to converge for low-probability
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events (like defaults), the results can be speeded up significantly if the default events
have been removed. P.d.e. methods (like finite differences solvers) are usually based on
a Feynman-Kac representation of the price-expectation as an expectation of a stochastic
integral and a final payoff in terms of diffusion processes. Therefore they cannot handle
discrete default events directly'®, a pre-processing to remove the jumps is necessary here,
too. The only case when this does not make sense is if one would like to recover the full

distribution of the payoffs from the numerical scheme, including default events.

It was seen furthermore that the analogy to the default-free interest rate world does not
carry through completely. There is the simple representation (3.10) of a defaultable bond
price as 'bond price expectation” with defaultable interest rates given by 7 = r + ¢\ but
this does not mean that options on defaultable bonds can also be treated as if there were

no defaults but just a new interest rate 7.

Most of the results of this chapter are independent of the specification used for the interest-
rate and credit spread processes. The transfer of the techniques demonstrated for the

Gaussian and CIR specification to another specification should not be too hard.

Another point to mention is the amount of data and information that is needed to price
credit risk derivatives. One of the advantages of the Duffie-Singelton setup appeared to be
the fact, that default intensities A and default loss rates ¢ only appeared linked as a product
in the bond pricing equation, and the product g\ could therefore be estimated directly
from the credit spreads — without any further need for separate default and recovery
information. This breaks down when credit risk derivatives are considered, the default
intensity \ does appear separated from the default losses ¢, both pieces of information are

needed separately.

In a practical implementation much of this data will not be available and the financial
engineer will have to resort to historical data, market data from other issuers of the same
industry, region and rating class, or to fundamental analysis. On the other hand, every
derivative needs an underlying, and this underlying should be fairly immune to market
manipulation'”. This means that products with option features are viable if and only
if there is some degree of liquidity in the market for the underlying defaultable bond.
Liquidity can usually only be expected for large issuers and this means better quality on

historical price data and probably liquid markets for further defaultable bonds by the same

181t is possible to incorporate jump processes in a finite-difference scheme, but at the cost of computing
speed and having to solve matrix inversion problems for full matrices.

198ee Schonbucher and Wilmott (1993;[1996;|[1999)) for a detailed discussion of option pricing and hedging
in illiquid markets.
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issuer that can be used to build a credit spread curve. Therefore CRDs will only be viable
in markets and for issuers where the data problems are less severe anyway. Nevertheless,

data availability and quality is one of the most pressing problem in the field at the moment.

Apart from data problems, market incompleteness is a further large problem that has to
be addressed in future research. With uncertainty about the recovery rates the markets
for defaultable bonds are incomplete, and perfect hedges are possible only in exceptional
circumstances. The pricing formulae that were derived here depend on the input of a
pre-specified martingale measure that should be the output of a thorough analysis of the
possibility of hedging and risk-management in credit markets. On the other hand, while
being a problem for the pricing and hedging of credit derivatives, market incompleteness has
also been one of the major reasons for the success of these instruments: credit derivatives

are an important step towards the completion of the credit markets.
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Appendix A

Calculations to the Gaussian Model

A.1 Proof of Lemma 3.3

Proof: (of Lemma 3.6)
The survival probability is defined as

PO, T)=E[1{>7y ] (A.1)
Using iterated expectations and the Cox process properties this can be expanded to

PO, T)=E[E[ 141y | A1), t >0] ]

T
_E [ exp{— / ()t} ] | (A.2)
0
From assumption 3.5 we know the dynamics of the defaultable and default-free bond prices:
dB(t,T)
= T
BU.T) r(t)dt + a(t, T)dW
dB(t,T) _
) (p(t) + gA\(¢))dt + a(t, T)dW.
B, = )+ A +a(T)

Thus the bond prices satisfy for all ¢t < T} < T (conditional on survival):

B(T,,T) = B(t,T) exp{/t 1 r(s)ds — %/t 1 a*(s,T)ds +/t 1 a(s,T)dWS} (A.3)

113
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B(Ty,T) = B(t,T) exp{/t 1 r(s) + g\(s)ds — %/t 1 a(s, T)*ds —|—/t 1 E(s,T)dWS}.
(A.4)

Using the previous equations with 7, = T, t = 0 and B(T,T) = B(T,T) = 1 we reach

1= B(0,T) exp{/OTr(s)ds — %/OT a’(s, T)ds + /OTa(s,T)dWs}
1= B(0,T) exp{/OTr(s) +gA(s)ds — %/OTE(S,T)st + /OTE(S,T)dWs},

which can be solved for the integral of A to yield

exp{— /OT A(s)ds} = @Egg) e (/OT é(a(s,T) — als, T))dWs)

exp {—7 / (@(s, T) - als, T)[(1 + q)a(s,T) — (1 - q)a(s. T))]ds} - (AB)

Taking expectations of (A.5) yields equation (3.48).

It remains to show the dynamics (3.46) and (3.47) of the survival probability. From repre-
sentation (A.2) follows, that
M, == P(t,T)e™ Jo X)s

is a martingale. Thus E[ dM | = 0 and combined with It6’s lemma this means that
E[dP(t,T)] = At)P(t,T)dt. (A.6)

The volatility of P(¢t,7) can be derived from (3.48) by substituting for the bond prices
B(t,T) and B(t,T) from equations (A.3) and (A.4) respectively, and using Ito’s lemma
again. Finally, similar to equations (A.3) and (A.4), the survival probability can be repre-
sented as follows for all ¢t < T < T

P(Ty,T)= P(t,T) exp{/t 1 A(s)ds — %/t 1 aP(s, T)?*ds —i—/t 1 ap(s,T)dWs}. (A.7)



A.2. Proof of Lemma 3.4 115

A.2 Proof of Lemma 3.4

The proof of this lemma is an application of Girsanov’s theorem.

Proof: (of Lemma 3.7)
First, the expectation has to be converted using iterated expectations and the Cox process

properties of the default process:

E° [ Brlimn X | = B2 | EQ | e 11 g x ’A(S) s>0] |

— E© [G—J;Tr(sm(s)ds X} ‘

Now we use the representation of the default-free bond price (A.3) and the survival prob-
ability in (A.7) to substitute for e/ 7()4s and e/ A(s)ds:

1 (7
EQ [ ﬁt,Tl{T>T}X } = B(ta T)P(ta T) eXp{_§ / CL(S, T)2 + ap(sv T)st}
t
T
E¢ {exp{/ (a(s,T) + ap(s,T))dWS}X]
¢
T
=B(t,T)P(t,T) exp{/ a(s,T)a’(s,T)ds}
. t
E“ {5 (/ (a(s,T) + a”(s,T))dWs) X}
¢
The rest of the lemma follows directly from Girsanov’s theorem. The representation of the

zero-recovery defaultable bond price follows by setting X = 1.
O

A.3 Proof of Proposition 3.4

Proof: (of Proposition 3.8)

We have to calculate

2(t) == B | Atye™ JoXem Ty |
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The change of measure to the survival contingent measure Ps (see lemma 3.7, the measure

is contingent on survival until ¢) reduces the problem to finding

2(8) =B(0,)P(0, 1) exp{ /O a(s, £)aP (s, )ds} B [ A(H) ] (A3)

where under Pg
dWrs = dW, — (a(s,t) + a’(s,t))ds

is a Pg-Brownian motion.

To evaluate equation (A.8) we need to find the dynamics of A. Define the forward default
intensity

At T) = —a%lnP(t,T).

and denote its dynamics with
d\(t,T) = oP(t,T)dt + oP(t, T)dW,.

The spot default intensity is A(t) = A(t,t). The volatility o?(¢,T") and the drift o”(¢,T") of
A(t,T) can be derived directly from equation (A.7):

oP(t,T) = —a%ap(t,T)

aP(t,T) = —oP(t, T)d"(t,T).

This yields

A1) = A(t, 1) = M0, ) + /Ot o’ (s, t)ds + /0]t ot (s, 1)dW,
= X0, 7) +/Ot a”(s,t)ds—i—/ot o (s, t)dW [
+ /Ot(a(s,t) +a(s, t))o" (s, t)ds
:A(o,t)+/Ota(s,t)o”(syt)dﬁ/Otap(si)dwfs

and therefore .
E™ [ A(t) ] = A(0,1) +/ a(s,t)o’(s,t)ds.
0
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A.4 Proof of Proposition 3.5

Proof: (of Proposition 3.9)
The proof takes place in three steps: First, we analyse the ’in-the-money’ event, then the

two parts of the payoff are valued using standard option pricing methods.

Let A be the event that the option is in the money, i.e. SB(Ty,Ty) > B(Ty,Ty). Using the
bond price representations (A.3), (A.4) and (A.7) this event is equivalent to

SB(t,Ty) 1 /Tl_ ) )
n2o\r2) 2 Ty)? — als, Ty)?d
N FuT) 2/ AT s T)ds

T T
>q/ A(s)ds +/ a(s, Ty) — a(s, Ty)dW,
t t

or

SB(t,Ts) 1 /Tl_ 2 > 2
In ——=+4+¢qln P(t,T7) + = a(s, 1) — a(s,Ty)* — qaP(s,T1)"ds
B(t,T)) q (t,Th) 2/, (s,T) (s,T) qa’ (s, Th)

T
>q/ al(s,Ty) — aP (s, Th)dWs,
t

which is equivalent to

B(t,T) " B(t,Ty)

ng +1
ns+ BT B(t,T»)

1 Tl_ 2 2 1 Tl— 2 2
~3 a(s,Ty)” —a(s,T1) d$—|—§ a(s,Ty)” —a(s,Ty)" ds
t t

Ty
>q/ (aP(s,Ty) — aP(s,T)) dWs.
t
Using the 'In the Money’ event A the option’s payoff can be decomposed:

E [e‘ft NS (S BTy Ty) — B(Th, Ty))t ‘ ;ft]

—SE [efffl HOROE BT, Ty)1 ‘ ft:| _E [efffl rOROEB(T], Ty) Ly ‘ ]_-t]
We now calculate the first term in this expression.

[1 e ftTl T(S)+)‘(S)dSB(T1, TQ) ]-{A}
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Ty
B TP T xexpd [ als, T)ar(s,T1)ds)
1 Ty : Ty
X eXp{_Q/ (a(s,Ty) + aP(s,T1))?ds +/ a(s,Ty) 4+ da®(s, Tl)dWs}l{A}
¢ t
T
B TP T xexpd [ als, T)ar(s, T1)ds)
T t
X 5(/ a(s,Ts) + aP(s, T1)dW,) 14y
¢

As the volatility functions are deterministic in the Gaussian setup all we need to evaluate
now is E [ ft a(s,Tz) + aP (s, T1)dWy)1ay ‘ .7-}] From the Girsanov theorem we know

that there is a measure P such that
N t
W, =W, — / a(s,Ty) + aP(s,T1)ds
0
is a Brownian Motion under P, and
dP :8(/ a(s,Ty) + aP(s,Th)dWy)dP.
t
Thus

T
B 6 ato T + s TV
t

d

=E" [14y | ] = P[A].

The event A is defined as

B(t.T) | B(t.T3)

InS +1 —
NS T) T BALT)

1

T 1 T
- 5/ a(s, Ty)* — a(s, Ty)* ds + 5/ a(s, Ty)* — a(s, Ty)*ds
¢ ¢

>q/t 1(CLP<S,T2) —aP(s,Th)) dW; <

B(t,Th) T B(t,T)
B(t,T1) B(t,T5)
af

o 1 1 1
—i—/t —50(5 TI) B} a\s Tl) 55(57T2>2 - §a(s,T2)2
)

—q(a(s, Ty) + aP(s,T1))(a’ (s, Tz) — aP(s,T})) ds

InS +In
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T )
>q/ aP(s, Ty) — aP(s, Ty)dW;
t

Simple calculations now yield that under the measure P, the event A has the probability
N(dy)

where

K+F+1V
dl:T

K=InS+1In B(t, Th) B(t, T»)

B(t,T) B(t,Ty)
F = /t 1 qd? (s, T1)[a(s, To) — a(s, T1)
— (1= q)(a”(t,T) — a”(t,T1))] ds

T
V= / q2(ap(s,T2) — ap(s,Tl))2 ds
¢

The second term:
The second term in the decomposed payoff is valued along the same lines. First we prepare

the Girsanov transformation:

L om e i 7”(5)+’\(5)d5§(T1, T2)1{A} (Ag)

- 1 1 [ T
= 1{A}B(t,T2)€7(17Q) ftT A(s)ds eXp{_§/t‘ 6(8,T2)2d8—|—/t 6(S,Tg)dWS}

=Ly B(t. T)P(t,T1) " (A.10)
T
eXp{—%/ a(s, Ty)* + (1 — q)a®(s, Ty )*ds (A.11)
¢

+ / a5, o) + (1= q)a?(s, T)dW,}

= 1B, To)P(t, 1)1 (A.12)
exp{/t 1(1 —q)a"(s,Th) [a(s, Tz) — %q&(s,Tl)}ds} (A.13)

+ 5(/tTl (s, To) + (1 — q)a”(s,Tl)dWs> (A.14)
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Girsanov: There is a measure P such that

__ t

Wo= Wi [(a(s 1) + (1 - (s, Ti)ds

0

is a Brownian Motion under P, and

~ Tl

apP 25(/ a(s, Tz) + (1 — q)a(s, T1)dWs) dP.
t

Thus

E" {5([ la(s,Tz) + (1 —q)a’(s, T1)dW;)1 4

4
=E" [10 | ] =P[A].
The event A is defined as

_ B(t,T) B(t,Ty)
InS+1 —1
BTy T M BOL D)

1

Ty 1 Ty
- 5/ a(s, T)? — a(s, Ty)*ds + 5/ a(s, Ty)? — a(s, Ty)*ds
t t

>q/lt 1(CLP(S,T2) —aP(s, 1)) dWy

=

_ BtT) . BT
In S +1 -1
BT T M BUL D)

+/t 1 —%E(S,Tl)Q n %a(s,Tl)Q + %a(s,TQ)Q _ %a(s,Tg)z
—q(a(s,Ty) + (1 — q)a’(s,T1))(a”(s, Tz) — a"(s,T1)) ds

7 )
>q / @(5,Ty) — a?(s, Ty)dW..
t

After short calculations we reach the probability P [ A] as N(dy), where ds is given by
dy=di —VV.

Combination of the results yields the claim of the proposition.
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A.5 Proof of Proposition 3.7

The pricing of the plain put option on a defaultable bond is very similar to the pricing of

the credit spread put.

Proof: (of Proposition 3.11)
Step 1: The in-the-money event A:

A:{WEQ’5>§(T17T2)}

A is equivalent to

n SB(s, Ty) nog 1
a(s, Ty) —a(s,T1))dW, < 1 _—’+/ ——a(s,T5)* + =a(s, T1)%ds.
[ @) —ats rpaw, < mZEEA [ (e T e, T

\)

Step 2: Decomposing the payoft:

- [e’ I rHANs(§ _B(Ty, Ty))* ‘ ]_-t]

:S'E [ - ftTl r(s)—l—)\(s)dsl{A} ‘ ft} _E |: o ftTl r(s)+)\(s)ds§(TI7 TQ)]-{A} ‘ -7:t:|
Step 3: The first expectation:
Simplification:
o, — le r(s)+A(s)ds on n
]1 I:SG t 1{A} = SBo(t,Tl)(‘:( G(S,Tl) +CLP<S,T1)dWS)1{A}
t

For this term it remains to evaluate

T
E {5(/ a(s,Ty) + aP (s, T1)dWy) 1y
¢

)

This is done using a change of measure to the survival contingent measure introduced in

Girsanov:
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lemma [3.7. There is a measure P such that
. t
Wy =W, — / a(s,Ty) + aP(s,T1)ds
0
is a Brownian Motion under P, and
~ Tl
dpP :6'(/ a(s,Ty) + af (s, Ty)dWy)dP.
t
Thus

Ty
E” [5(/ a(s,Ty) + aP (s, Th)dWy) 14y
t

=E" [10 | 7] =P[A].

Probability of A under P:

/t (@, Ty) — a(s, T1)))dW,
:/t l(d(s,Tg) —E(S,Tl)))de[Z —i—/t l(E(S,Tg) —a(s,T1))(a(s, Th) + aP(s,T1))ds

SB(t,T) o ,  1_ )
1 —_— - T - T d .
<In B0 T) +/t 2a(s, )* + 2OL(S, 1)°ds

This event has the probability N(d;) where d; is given by

g = K+ F+ %V
1 \/V
where
Kzlnw
B(t7T2)

= _/t 1(6(5,T2) +a(s, Ty) + a’(s,Th))(a(s, Tz) —a(s, T1))ds

V:/t (@(s, Ty) — (s, T1))2ds.

Step 4: The second expectation:
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Simplification:

15 here is of the same form as I, in the proof of the credit spread put option. Therefore its

value is given by expression (A.14):
]2 e ftTl r(s)-i—)\(s)dsF(Tl’ TQ)]-{A}
T
_ 1 1
=B(t,Ty)P(t,Ty)" 1 exp{(l — q)/ al(s,Tv)(a(s, Tz) — éqap(s,Tl))ds}
t

a[%@nwu—m%mmmmm

Girsanov:
The appropriate change of measure also carries through from the credit spread put option.

There is a measure P such that
_ t
Wo= Wi [ a(s 1) + (1 - (s, Ti)ds
0
is a Brownian Motion under P, and
~ Tl
apP 25(/ a(s, Tz) + (1 — q)a(s, T1)dWs)dP.
t
Thus

E" {5([ la(s,Tz) + (1 —q)a”(s, T1)dW;)1 4

d
=E"[104 | Ai] = P[A].

After short calculations the event A is found to have under P the probability N (ds), where
ds is given by

K—FFQ—%V
dy = —————=—

where
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V:/t (s, Ty) — a(s, Th))%ds.

Combining these results yields the claim of the proposition.



Appendix B

Calculations to the CIR Maodel

B.1 Proof of Lemma 3.7

Proof: (of Lemma 3.14)

Consider the process  with the P-dynamics
dr = (o — Bx)dt + o/v dW
and the process y = cx. Note that y has the dynamics

dy = d(cx) = (ca — By)dt + ov/c\/y dW
—: (& — By)dt + 6\/y dWV, (B.1)

which is still of the CIR square-root form.

(i) and (ii)
The proof of points (i) and (ii) of lemma 3.14 is an application of the Girsanov theorem

and the change of measure technique: Define
9(0,1) = e~ Jou()ds (B.2)

Then
1

G(y(0),0,1)7

is a positive martingale with initial value Z(0) = 1 and can therefore be used as a Radon-

Z(t) = (0,H)G(y(t),t,T) (B.3)

125
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Nikodym density for a change of measure from P to P. defined by dP. /dP = Z, and

Z(t)=¢& <—/O ocy/ x(s)Haw (T — s,c)dW(s)) :
Then
ZOE™ [ F(a(T)) | F] =B [Z(D)F(@(T)) | F]=E | e i =0tpem) | 7]

(iii)
The P dynamics of x are

dr = (a — Bz)dt + o/x dW

where W is a P-Brownian motion. By Girsanov’s theorem
AW = dW® — Hyo(T — t,¢)cov/zdt
where W€ is a PC—Brownian motion. Thus
dr = (o — Ba)dt — Hop(T — t, ¢)co’xdt + or/x dW°. (B.4)

The distribution of () under P, can be found e.g. in Jamshidian (1996) or Schlégl (1997).
There the distribution is only given for ¢ = 1, but by applying these results to y equations
(3.79)- (3.82) follow directly.

(iv)
The dynamics of the other factors remain unchanged because the change of measure here

does not affect them. (Z does not depend on any of the other factors.)
O

B.2 Proof of Proposition 3.8

Proof: (of Proposition 3.15)

We have to evaluate

E | A(t)e™ J§ Ms)ds ,— [§ r(s)ds ] .
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First, simplify the expression in the expectation operator:

= ( Eia:i(t)> o1 = Jo (wj ;) (s)ds
i=1

I
RS

B (B~ 5 )

Looking at the i-th summand:

E [ wizi(t)e Ty = Jo (wj+5)x; (s)ds ]

—E [ wil,i@)e—jg(wi-i-ﬁi)a:i(s)ds | E [6 7¢i—'/3(wj+ﬁj)xj(s)ds }

—E [ @ixi(t)e* fot(wﬂrﬁi)xi(s)ds | H E [ e~ f(f(ijrEj)a:j(s)ds :|
] T
=w; B [xi(t)ef Jo Cwit )z (s)ds HEjO(O,t),

g

where Bo(0,t) is defined as in the proposition.
It remains to evaluate E [@ixi(t)e_ Jo (witwi)zi(s)ds } For this we change the measure ac-

cording to lemma 3.14 choosing ¢ = w; + w;. Then
E | zi(t)e et | = Bio(0,0) B [ai(t) ].
By lemma 3.14 (iii) and lemma 3.12 equation (3.70) the expectation of z;(t) under P, is

E™ [2i(t) ] = (v + A)

0'-2 40[' 4 £H27J<t C)
=c—L Hy(t Ly o (0
C 4 2 ( 7C)< 0_12 + 0_22 HQZ'(t,C) x( ))

0
:COéiHQi(t, C) + Ca—THgi(t, C)JTZ(O)

Thus, combining all yields
E [ (e Jo Ms)dsg= Ji r(s)ds

Bjo(0,1).
1

, or
=1 —

J

= (Z W (W; + w;) (o Hoy(t, w; + ;) + ngi(t, w; + @i)xi(O))>
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B.3 Proof of Proposition 3.9

Proof: (of Proposition 3.16))
The expectation, that has to be calculated for the credit spread put, is

DOSP g | ¢~ I Xinlot mIn O (SB(T, Ty) — BT}, T3))* |

—Bo(t,T) EF [ (SB(T},Ty) — B(Ty, T5))" |

B(Th,T3) = H Hyi(Ty — Ty, wy) e oo (T Tiwiwias (1)

E(Tl, Ty) = H Hy(Ty — Ty, w; + qmi)e_HQi(,Ié_Tl1wi+qﬁi)(wi+qwi)zi(Tl).

The measure P is the Tj-survival measure which is reached by changing the measure for
each component x; according to lemma 3.14 with ¢; = w; + w;. Under P the component
z;(Th) is X3 (v, i n;) ANC distributed with v; and \; given in the proposition and

o2

7 = (w; +@)ZZH2¢(T1 —t,w; +W;).

Then the variable Y in the proposition is defined s.t. e™¥ has the same distribution as
SB(Ty,Ty) under the Ty-survival measure.
The variable Y’ is defined to have the distribution of E(Tl,Tg) under the Tj-survival

measure.

The claim of the proposition now follows directly from equations (3.73)) and (3.74) in lemma
3.12. The formula for the Put-option is reached by setting 7; = 0 and € = y in the formula

for the credit spread put option.
O
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